
Mathematical Analysis 2017-8
Toby Wiseman

Tutorial problems 3 - Counting and infinity

Question 1.

Hilbert’s Grand Hotel in the star system Bolzano, in a rather different universe
to our own, is an unusual hotel that has a countably infinite set of rooms. Each
room accommodates a single guest. After an excellent write up in the Lonely Local
Group it is very successful, and every room is always booked up years in advance. [
Each guest is uniquely assigned a room. Guests are only allowed to book one room
at a time. ]

The owner (a non-mathematician) decides it is so successful they will build a
second identical hotel nearby. This is also quickly booked up in advance of
opening. However, just before the opening day, due to a technicality with planning
regulations, the hotel can’t open.

The mathematician architect who designed the hotel told the worried owner
everything would be ok, and the newly arriving guests can still be accommodated
in the original hotel (which as usual was due to be fully occupied during this period).

Prove the mathematician architect is correct.

[Comments: The mathematician architect might have pointed out the second hotel
was pointless, but everyone has to put bread on the table. The pigeon hole principle
is the bane of all owners of finite hotels. ]
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Question 2. Are the following sets countable or uncountable? Explain why.

a) Z× N+

b) Qn for any n ∈ N+.

c) R \Q.

d) The set of all real numbers between zero and one with only the digits 2 and 3 in
their decimal expansions.

e) The set of all subsets of N+ with n elements, where n ∈ N+ ie. {A ∈ 2N+| |A| =
n}.

f) The set of all finite subsets of N+.

g) The set of all finite subsets of R.

Question 3.

Consider the Cartesian product of countably infinitely many copies of the set {0, 1};

K = {0, 1} × {0, 1} × {0, 1} × {0, 1} × {0, 1} × . . .

Elements of K are infinite sequences of 0’s and 1’s eg. (0, 1, 1, 0, 0, 1, 1, 0, . . .) ∈ K.

Prove this set in uncountable by using Cantor’s diagonal argument (recall we used
the diagonal argument in lectures to show the reals were uncountable).

[ An aside: recall that in example sheet 3 we proved using infinite binary expansions
that |K| = |R|. Here we are only proving that it is uncountable, so we can use the
cunning diagonal argument without resorting to infinite decimals/binary. However,
this only tells us that K has cardinality |K| > |N+|, not what its cardinality is
equal to. ]

Question 4.

Prove that |2N+ | = |K|, for the set K defined in the previous question.

[ Another aside: recall in example sheet 3 we proved using infinite decimal
expansions that |2N+| = |R|. Here try to find a more cunning and elegant argument
without resorting to infinite decimals to show the cardinal equality of 2N+

and K. ]
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