
Mathematical Analysis 2017-8
Toby Wiseman

Tutorial problems 2 - Maps and numbers

Question 1.

State whether the following maps are injections or not, and whether they are sur-
jections or not;

a) f : Z→ N+, f(x) = x2 + 1

b) f : N+ → N+, f(x) = x2 + 1

c) f : R→ R, f(x) = x3 + 3x+ 3

d) f : R→ R, f(x) = x3 − 3x+ 3

e) f : (0, π)→ [−1, 1), f(x) = cos x

f) f : [0, π)→ (−1, 1], f(x) = cos x

Question 2.

For each of the following claims, state whether it is true or false. If it is true, prove it
and if it is false find a counterexample. Consider two non-zero real numbers a and b;

a) If a and b are rational, and b 6= 0, then a/b is rational.

b) If a and b are irrational then a/b is irrational.

c) If a is irrational and b is rational, b 6= 0, then a/b is irrational.

d) If a is irrational and b is rational then ab is irrational.
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Question 3.

Consider the following subsets of R. Assuming these quantities exist, find (i) the
minimum and maximum elements, (ii) the supremum and infimum. In the case they
do not exist explain why.

a) [0, 1]

b) (0, 1)

c) {x ∈ R|x2 < 2}

d) The set of positive even natural numbers

e) {x ∈ R|there exists t ∈ R such that x = sin t}. Note we can also write this as
{sin t|t ∈ R}.

f) {x ∈ R|there exists n,m ∈ N+ such that x = 3−n +5−m}. Note we can also write
this as {3−n + 5−m|n,m ∈ N+}.

g) {x ∈ R| − 1 ≤ tanx ≤ 1}

h) {1 + 1
n2 |n ∈ N+}

Question 4.

Use infinite decimals to prove the following propositions;

Proposition: For any a, b ∈ R such that 0 ≤ a < b there exists both a rational and
an irrational number lying between them.

Proposition: For any two distinct real numbers there exists both a rational and an
irrational number lying between them.

[You may assume without proof that a real number is rational if and only if it has
a recurring decimal expansion.]

[Hint: the second proposition follows simply from the first.]
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