
Summary of Linear Algebra: Vectors

1. Basic definitions. A scalar s is completely specified by a number, which may be positive or negative, and
may be dimensionless or have units. A vector aaa has both magnitude and direction, and can be specified by the
coordinates of its head B and tail A as

−→
AB, by components, aaa = (a1,a2,a3), or with respect to the unit vectors of

a Cartesian coordinate system: aaa = a1iii+a2 jjj+a3kkk.

2. Vector algebra. Vectors can be multiplied by scalars and added to or subtracted from other vectors. These
operations are expressed in terms of vector components:

saaa = (sa1,sa2,sa3) , aaa±bbb = (a1±b1,a2±b2,a3±b3) .

There are two vector products: the scalar, or “dot”, product,

aaa ·bbb = a1b1 +a2b2 +a3b3 ,

and the vector, or “cross”, product,

aaa×bbb =

∣∣∣∣∣∣∣∣
iii jjj kkk

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣∣= (a2b3−a3b2)iii+(a3b1−a1b3) jjj+(a1b2−a2b1)kkk .

The scalar product enables unit vectors to be determined by dividing a vector by its magnitude: âaa≡ aaa/|aaa|.
The projection of bbb onto aaa can be used to obtain the decomposition of bbb into vectors that are parallel and
perpendicular to aaa:

bbb‖ = (bbb · âaa)âaa , bbb⊥ = bbb−bbb‖ .

3. Differentiation of Vectors. The differentiation of sums and products of a scalar function f (s) and vectors aaa(s)
and bbb(s) are obtained by differentiating each component using ordinary differential calculus:

d
dt
( f aaa) =

d f
ds

aaa+ f
daaa
ds

,
d
ds

(aaa±bbb) =
daaa
ds
± dbbb

ds
,

d
ds

(aaa ·bbb) = daaa
ds
·bbb+aaa · dbbb

ds
,

d
ds

(aaa×bbb) =
daaa
ds
×bbb+aaa× dbbb

ds
.

4. Applications to physics. The use of vectors for formulating and solving physical problems was based on New-
ton’s second law of motion. Two problems were considered. The first was based on the equation of motion of a
smaller mass m orbiting a larger mass M:

m
d2rrr
dt2 =

GMm
r2 r̂rr .

Vector analysis was used to show that this equation implies Kepler’s second law. The second example was the
Lorentz force on a charged particle in a magnetic field:

m
dvvv
dt

= qvvv×BBB .

Vector analysis was used to show that (i) the magnetic field does no work on the particle, (ii) the kinetic energy
of the particle remains constant, and (iii) for BBB = Bzkkk, the trajectory of the particle projected onto the x-y plane
is a circle.

5. Geometry of Lines and Planes. A line can be specified by a point and a direction through that point, or by two
points:

rrr = rrr0 +λddd , rrr = rrr0 +(rrr1− rrr0)λ ,

where λ ∈ R. The equation of a plane can be represented by a point R0 that lies on the plane and a vector nnn that
is the normal to the plane:

(rrr− rrr0) ·nnn = 0 .

This is equivalent to the equation of a plane in terms of coordinates: Ax+By+Cz+D = 0, in which A, B, C,
and D are constants. Two planes intersect in a line if and only if the cross product of their normal vectors does
not vanish:

nnn1×nnn2 6= 0 . (1)

The condition for three planes to intersect in a point is that the triple product of their normal vectors does not
vanish:

nnn1 · (nnn2×nnn3) 6= 0 .
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