
Summary of Linear Algebra: Matrices

A system of n simultaneous linear equations in n unknowns,

a11x1 + a12x2 + · · · + a1nxn = b1 ,

a21x1 + a22x2 + · · · + a2nxn = b2 ,
...

...
. . .

...
...

an1x1 + an2x2 + · · · + annxn = bn ,

can be written as
AAA1x1 +AAA2x2 + · · ·+AAAnxn = bbb ,

or, most concisely, as Axxx = bbb.

If AAA1,AAA2, . . . ,AAAn are a linearly independent set of vectors in Rn or, equivalently, if det(A) 6= 0, the equations have a
unique solution that can be obtained from (i) Cramer’s rule,

xi =
det(A(bbb; i))

det(A)
,

(ii) Gaussian elimination, whereby the augmented matrix (A|bbb) is transformed by a sequence of row operations to
(1In|uuu), in which 1In is the n-dimensional unit matrix and uuu is the column vector whose entries are the solutions to the
system of equations, and (iii) the inverse of A, by writing xxx = A−1bbb, where the inverse is calculated from

A−1 =
CT

det(A)
,

and CT is the transpose of the matrix of cofactors, defined in terms of matrix elements by (CT)i j = C ji.

The determinant of an n×n matrix A is calculated by applying Laplace’s formula:

det(A) =
n

∑
j=1

(−1)i+ jai, jdet(Ai j) =
n

∑
j=1

ai, jCi j .

The determinant has been ‘expanded by the ith row.’ Any row or column can be used for this expansion. The term
det(Ai j) is a minor of A and Ci j is a cofactor. A concise form of the determinant A is in terms of its eigenvalues λi:

det(A) =
n

∏
i=1

λi ,

where the eigenvalues of A are solutions of Auuu = λuuu. A non-zero determinant of a matrix A is obtained if and only if
none of its eigenvalues is zero.

If AAA1,AAA2, . . . ,AAAn are a linearly dependent set of vectors in Rn or, equivalently, if det(A) = 0, then these vectors
span a lower-dimensional subspace Rm of Rn, where m < n. The solutions to this equation can be obtained only by
Gaussian elimination; Cramer’s rule and the inverse of A both rely on A having a non-zero determinant. If bbb lies
entirely within Rm, there is an infinity of solutions because there are more than m vectors in Rm, so there are infinitely
many linear combinations of the AAAi that produce bbb. Otherwise, if bbb is not contained entirely within Rm, there is no
linear combination of the AAAi that yields bbb, so the equations have no solution.

Matrices are equivalent to linear functions between Euclidean spaces. If the domain and range of the linear functions
are both Rn, the equivalent matrices are n×n. A rotation of the x-y plane through an angle θ in the counterclockwise
direction is represented by the rotation matrix

R(θ) =

(
cosθ −sinθ

sinθ cosθ

)
.

These matrices have the following properties: R(0) = 1I2, R(θ)R(φ) =R(θ +φ) =R(φ)R(θ), and [R(θ)]−1 =R(−θ).
In three dimensions, rotations in the counterclockwise direction about the x-, y, and z-axes, respectively, where the
rotation axis is taken along the positive coordinate axes, are, respectively,

R1(θ) =


1 0 0

0 cosθ −sinθ

0 sinθ cosθ

 , R2(θ) =


cosθ 0 sinθ

0 1 0

−sinθ 0 cosθ

 , R3(θ) =


cosθ −sinθ 0

sinθ cosθ 0

0 0 1

 .

These matrices have the same properties as two-dimensional rotations if the rotations are confined to a single axis.
However, rotations about different axes do not commute, e.g. R1(θ)R2(θ) 6= R2(θ)R1(θ).
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