
Chapter 5

Determinants

Our development of the spatial relationships between vectors and between inter-
secting planes has been based on the vector and dot products. This has provided
an intuitive and computationally straightforward basis for determining a number
of useful general results. Some of these geometrical constructions appear in more
general guises in algebraic and analytic applications throughout physics and math-
ematics and which motivate an altogether different mathematical concept – the
determinant. This is the subject of this chapter.

Although to a modern reader, matrices and determinants are inextricably linked,
the two concepts were developed independently of one another. In particular,
determinants appeared before matrices in the study of solutions of linear equa-
tions. Subsequent problems that gave rise to new applications of determinants are
elimination theory (determining conditions under which two polynomials have a
common root), transformations of coordinates to simplify an algebraic expression
(for example, quadratic forms), changes of variables in multiple integrals (where
the determinant appears as the ‘Jacobian’ of the transformation), solutions of dif-
ferential equations (the ‘Wronskian’) and celestial mechanics. Nevertheless, the
combined use of matrices and determinants considerably simplifies the formula-
tion and solution of many mathematical and physical problems.

In this chapter, we describe the methods for evaluating determinants and ex-
plore their properties. After a brief review of basic notation and nomenclature,
we will motivate the concept of a determinant in two ways. We first solve a basic
set of linear equations to see how certain combinations of coefficients determine
the nature of the solution. Our second example is geometric: the calculation of a
volume spanned by n vectors in Rn, using R3 as a case study. We then turn our
attention to methods of calculating determinants and algebraic representations of
determinants, which are used to prove many of their key properties.
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62 Linear Algebra

5.1 Notation and Nomenclature
We begin by introducing the notion of a matrix. An m× n matrix A is an array
of numbers ai j, called entries or matrix elements, which are arranged in m rows
and n columns. The subscript i of ai j labels the row of this entry (i = 1,2, . . . ,m)
and the subscript j the column ( j = 1,2, . . . ,n):

A=





a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...
am1 am2 · · · amn




. (5.1)

A matrix is said to be square if m = n, and rectangular if m �= n.
The shorthand A= (ai j) is often used to show how matrix elements are repre-

sented. Matrices may be added, subtracted, and multiplied, provided their num-
bers of rows and columns are compatible. For a scalar λ ∈ R, n× n matrices
A= (ai j) and B= (bi j), the basic algebra of matrices is as follows:

1. Addition: A±B= (ai j ±bi j).

2. Scalar multiplication: λA= (λai j).

3. Matrix multiplication: AB=
�
∑n

k=1 aikbk j
�
.

EXAMPLE 5.1. The operations of addition, scalar multiplication, and matrix mul-
tiplication are carried out for the 2×2 matrices

A=

�
a11 a12

a21 a22

�
, B=

�
b11 b12

b21 b22

�
, (5.2)

by applying the three rules for matrix algebra follows. For addition, we have

A+B=

�
a11 +b11 a12 +b12

a21 +b21 a22 +b22

�
. (5.3)

Multiplication by a scalar λ is written as

λA=

�
λa11 λa12

λa21 λa22

�
, (5.4)
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Determinants 63

and matrix multiplication reads,

AB=

�
a11b11 +a12b21 a11b12 +a12b22

a21b11 +a22b21 a21b12 +a22b22

�
. (5.5)

5.2 Motivation
As discussed in the introduction, there are two main ways to motivate determi-
nants: algebraic and geometric. In this section, we use two examples to show how
determinants arise naturally in these two areas of mathematics.

5.2.1 Simultaneous Linear Equations
Consider the solution of two simultaneous equations in two variables, x and y:

a11x+a12y = b1 ,
a21x+a22y = b2 ,

(5.6)

where a11, a12, a21, a22, b1, and b2 are known real numbers. We will solve these
equations by eliminating x and y in turn. Multiplying the first equation by a21, the
second by a11, and subtracting the second from the first, yields

(a12a21 −a11a22)y = a21b1 −a11b2 , (5.7)

Solving for y, we obtain

y =
a22b1 −a11b2

a12a21 −a11a22
. (5.8)

Similarly, multiplying the first equation in (5.6) by a22, the second by a21, and
again subtracting the second from the first yields the solution for x:

x =
a22b1 −a12b2

a11a22 −a12a21
. (5.9)

The solutions for x and y both have the factor a11a22 − a12a21 in their denomi-
nators. This is the determinant for this system of equations. The name ‘deter-
minant’ is derived from the fact that this quantity determines the nature of so-
lutions of a set of linear equations. In particular, equations (5.6) have a unique
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Figure 5.1: Geometric interpretation of the solution to the two simultaneous equa-
tions (5.6). (a) Parallel lines: the determinant vanishes, and there is no solution.
(b) The lines are proportional: the determinant vanishes, and there is an infinity
of solutions. (c) The lines intersect in a single point: the determinant is non-zero,
and there is a unique solution.

solution only if this determinant is non-zero: a11a22 − a12a21 �= 0. Otherwise, if
a11a22 −a12a21 = 0, there may be no solutions or an infinity of solutions.

The three cases are shown in Fig. 5.1. the two equations are lines in R2 and a
solution is represented by the intersection of these lines. In (a), the two lines are
parallel, so there is no solution, and the determinant is seen to vanish. In (b), the
two equations in (5.6) are proportional, so there is an infinity of solutions. The
determinant again vanishes. In (c), the two lines intersect in a single point, which
represents the unique solution to the equations. The determinant is non-zero in
this case.

The solutions in (5.8) and (5.9) can be expressed entirely in terms of determi-
nants once we define the determinant of a 2×2 matrix:

det(A)≡ det

�
a11 a12

a21 a22

�
≡
�����
a11 a12

a21 a22

�����= a11a22 −a12a21 . (5.10)

We can thereby write

x =

�����
b1 a12

b2 a22

�����
�����
a11 a12

a21 a22

�����

, y =

�����
a11 b1

a21 b2

�����
�����
a11 a12

a21 a22

�����

. (5.11)

This way of writing solutions to the system in (5.6) is known as Cramer’s rule.
This will be discussed further later in this course.
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5.2.2 Volume Spanned by Three Vectors in R3

Suppose that we have three vectors aaa, bbb and ccc in R3. The cross product bbb× ccc
yields a vector perpendicular to the plane defined by bbb and ccc whose magnitude
is equal to the area of the parallelogram defined by the smaller of the two angles
between bbb and ccc (Sec. 2.2.2). The dot product between this cross product and a
third vector aaa, called the scalar triple product, is calculated from the definition
of the cross product as

aaa · (bbb×ccc) =

��������

a1 a2 a3

b1 b2 b3

c1 c2 c3

��������
= a1

�����
b2 b3

c2 c3

�����−a2

�����
b1 b3

c1 c3

�����+a3

�����
b1 b2

c1 c2

����� , (5.12)

where we have used the definition in (5.10). Expanding the determinant is useful
for solving particular problems, but general properties are more easily obtained
by writing the magnitude of the triple product as

��aaa · (bbb× ccc)
��= |aaa||bbb× ccc|cosθ . (5.13)

The geometric interpretation of this quantity is shown in Fig. 5.2. The magnitude
|bbb× ccc| is the area of the parallelogram that forms the based of the parallelepiped
shown in Fig. 5.2(c). The remaining factor, |aaa|cosθ , where θ is the angle between
aaa and the perpendicular direction to the base, is the height of the parallelepiped.
Thus, (5.13), is the volume of the parallelepiped defined by aaa, bbb, and ccc, as shown
in Fig. 5.2(a,b). This again highlights how vector operations can be used to sim-
plify complex geometric calculations.

A word about signs. If three vectors aaa, bbb, and ccc form a right-handed system,
as in Fig. 5.2(c), then the volume calculated in (5.12) is positive. However, if
the three vectors form a left-handed system, then the corresponding calculation
yields a negative volume. These results stem from our convention of defining the
resultant vector of a cross product from the right-hand rule. Hence, any cyclic
permutation of the three vectors, e.g. aaa → bbb, bbb → ccc, ands ccc → aaa, preserves the
sign of aaa · (bbb× ccc):

aaa · (bbb× ccc) = bbb · (ccc×aaa) = ccc · (aaa×bbb) , (5.14)

while the other permutations have the opposite sign:

aaa · (ccc×bbb) = ccc · (bbb×aaa) = bbb · (aaa× ccc) =−aaa · (bbb× ccc) . (5.15)

As the volume is inherently positive, absolute value signs around the determinant
would ensure that this quantity is also positive.
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66 Linear Algebra

Figure 5.2: The calculation of the volume of the parallelepiped from the triple
product (5.12). Beginning with a right rectangular prism (a three-dimensional
solid with rectangular sides) a wedge is removed from one side, shown shaded in
(a), and transferred to the opposite side. This produces the solid in (b). Repeating
this process for the other two sides produces the parallelepiped, whose sides are
parallelograms, in (c). The volume of the parallelepiped is the same as the original
rectangular prism, and is given by the triple scalar product of the vectors that
define the parallelepiped, also shown in (c). This volume is the product of the
base area |aaa× bbb|, shown shaded in (c), and the height, which is the projection of
the third vector onto the direction perpendicular to the base plane, |aaa|cosθ .

5.3 Calculation of the Determinant
The preceding section motivated the notion of the determinant and examined some
properties of this quantity in the context of a geometric and an algebraic example.
In this section, we take a more systematic approach to calculating determinants,
which will enable the generalization of the discussion in the preceding to higher
dimensional calculations.

Recall from (5.1) that a ‘square’ matrix has an equal number of rows and
columns. The determinant is defined only for square matrices or, put another way,
the concept of a determinant is defined only for problems that can be formulated
in terms of square matrices. Algebraically, determinants of square matrices are
used in the solution of n equations in n unknowns, while for geometric problems,
such determinants are used to calculate the volume in Rn spanned by n vectors.
We have already encountered determinants of 2×2 matrices in (5.10) and of 3×3
matrices in (5.12). This is sufficient for many applications typically covered in
undergraduate physics. However, there are also examples where determinants of
larger matrices are needed, for example in formulating the wave function of n par-
ticles that are anti-symmetric under the interchange of any two of their coordinates
In such cases, we need a more general methodology for calculating determinants.
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5.3.1 Expansion by Minors
The first concept needed to calculate the determinant of an n× n matrix is the
minor of that matrix. Consider a general n×n matrix A:

A=





a11 a12 · · · a1, j−1 a1 j a1, j+1 · · · a1,n

a21 a22 · · · a2, j−1 a2 j a2, j+1 · · · a2,n

...
... . . . ...

...
... . . . ...

ai−1,1 ai−1,2 · · · ai−1, j−1 ai−1, j ai−1,, j+1 · · · ai−1,n

ai,1 ai,2 · · · ai, j−1 ai, j ai,, j+1 · · · ai,n

ai+1,1 ai+1,2 · · · ai+1, j−1 ai+1, j ai−+,, j+1 · · · ai+1,n

...
... . . . ...

...
... . . . ...

an1 an,2 · · · an, j−1 an, j an, j+1 · · · an,n





. (5.16)

The (i, j)th minor Mi j of this matrix is the determinant of the (n− 1)× (n− 1)
matrix Ai j obtained from A by removing the ith row and jth column from A. Thus,
with

Ai j =





a11 a12 · · · a1, j−1 a1, j+1 · · · a1,n

a21 a22 · · · a2, j−1 a2, j+1 · · · a2,n

...
... . . . ...

... . . . ...

ai−1,1 ai−1,2 · · · ai−1, j−1 ai−1,, j+1 · · · ai−1,n

ai+1,1 ai+1,2 · · · ai+1, j−1 ai−+,, j+1 · · · ai+1,n

...
... . . . ...

... . . . ...

an1 an,2 · · · an, j−1 an, j+1 · · · an,n





, (5.17)

we have Mi j = det(Ai j). We can now define the determinant of an n×n matrix:

DEFINITION 5.1. The determinant of an n×n matrix A= (ai j) is defined as

det(A) =
n

∑
j−1

(−1)i+ jai, jdet(Ai j) =
n

∑
j=1

ai, j(−1) j+iMi j . (5.18)

We say that the determinant has been ‘expanded by the ith row.’ Any row or
column can bet used for this expansion. The term Ci j = (−1)i+ jMi j is called the
cofactor. This is sometimes referred to as Laplace’s formula.
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68 Linear Algebra

EXAMPLE 5.2. Consider a general 2×2 matrix

A=

�
a11 a12

a21 a22

�
. (5.19)

The minors are

M11 = a22 , M12 = a21 , M21 = a12 , M22 = a11 . (5.20)

Thus, calculating the determinant of A by expanding the first row, yields

det(A) = a11(−1)1+1M11 +a12(−1)1+2M12

= a11a22 −a12a21 . (5.21)

Similarly, expanding the determinant by the first column produces

det(A) = a11(−1)1+1M11 +a21(−1)2+1M21

= a11a22 −a21a12 , (5.22)

which is the same as that obtained from the row expansion.

EXAMPLE 5.3. Consider the 3×3 matrix

A=





a11 a12 a13

a21 a22 a23

a31 a32 a33



 . (5.23)

The minors corresponding to the first row of this matrix are:

M11 =

�����
a22 a23

a32 a33

�����= a22a33 −a23a32 ,

M12 =

�����
a21 a23

a31 a33

�����= a22a33 −a23a32 , (5.24)

M13 =

�����
a21 a21

a31 a32

�����= a21a32 −a21a31 .
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The determinant is thereby calculated as

det(A) = a11(−1)1+1M11 +a12(−1)1+2M12 +a13(−1)1+3M13

= a11

�����
a22 a23

a32 a33

�����−a12

�����
a21 a23

a31 a33

�����+a13

�����
a21 a21

a31 a32

�����

= a11(a22a33 −a23a32)+a12(a22a33 −a23a32)+a13(a21a32 −a21a31)

= a11a22a33 +a12a23a31 +a13a21a31

−a13a22a31 −a12a22a33 = a11a23a32 . (5.25)

Note that the second line is the same as (5.13).

EXAMPLE 5.4. Consider the determinant of the 4×4 matrix

A=





1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16




. (5.26)

We will calculate this determinant by successive first row expansions until the
evaluation reduces to a sum of determinants of 2×2 matrices:
����������

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

����������

= 1×

��������

6 7 8

10 11 12

14 15 16

��������
−2×

��������

5 7 8

9 11 12

13 15 16

��������
+3×

��������

5 6 8

9 10 12

13 14 16

��������
−4×

��������

5 6 7

9 10 11

13 14 15

��������

= 1×
�

6×
�����
11 12

15 16

�����−7×
�����
10 12

14 16

�����+8×
�����
10 11

14 15

�����

�

−2×
�

5×
�����
11 12

15 16

�����−7×
�����

9 12

13 16

�����+8×
�����

9 11

13 15

�����

�

+3×
�

5×
�����
10 12

14 16

�����−6×
�����

9 12

13 16

�����+8×
�����

9 10

13 14

�����

�
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−4×
�

5×
�����
10 11

14 15

�����−6×
�����

9 11

13 15

�����+7×
�����

9 10

13 14

�����

�

= 1× (−24+56−32)−2× (−20+84−64)+3× (−40+72−32)

−4× (−20+48−28)

= 0. (5.27)

This calculation illustrates several important points. First is the explicit demon-
stration of how to evaluate a higher-dimensional determinant by reducing it to a
sum of 2× 2 determinants. This applies to any matrix through the Laplace for-
mula. But this also shows that the number of operations increases steeply with
the dimension of the determinant, so direct evaluation becomes cumbersome for
determines larger than 4× 4. Fortunately, the general properties of determinants
(Sec. 5.5) can alleviate some of the drudgery in particular cases. Finally, the deter-
minant of (5.26) vanishes. Could this have been deduced without actually doing
the calculation? The answer is ‘yes,’ and we will explain the reason in a later
chapter.

5.4 The Leibniz Formula1

An alternative, but equivalent representation of the determinant of an n×n matrix
A= (ai j) is the Leibniz formula:

det(A) = ∑
π∈Sn

sgn(π)a1,π(1)a2,π(2) · · ·an,π(n) , (5.28)

in which π is permutation of n objects and sgn is the sign of the permutation,
which is determined by the number of transpositions of a permutation from a given
reference order. If the number of transpositions is even, then sgn(π) = 1, and if the
number for transpositions is odd, sgn(π) =−1. This formula is useful for proving
general properties of determinants. For example as there are n! permutations of n
objects, the determinant of an n×n matrix has n! terms.

While a rigorous proof of the the equivalence of the Leibniz formula and the
Laplace formula in Definition 5.1 is beyond the scope of our discussion here, we
can provide a compelling plausibility argument. In the expansion of an n × n
determinant by minors based on say, the first row, the calculation reduces to the
evaluation of n (n− 1)× (n− 1) determinants. Each of these, in turn, reduces to

1For information only; not examinable.
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the evaluation of n−1 (n−2)×(n−2) determinants. Proceeding in this way until
we arrive at 3×3 determinants, as in Example 5.5, we see that there are

n× (n−1)× · · ·×3×2 = n! (5.29)

terms, each of which has one term from each row and column of the original
matrix, and a corresponding sign. This is precisely the form given by the Leibniz
formula.

EXAMPLE 5.5. The use of the Leibniz formula can be illustrated by calculating
the determinant of an 3×3 matrix

A=





a11 a12 a13

a21 a22 a23

a31 a32 a33



 . (5.30)

As n = 3, there are 3! = 6 permutations of the indices 1, 2, 3. Those obtained from
a single transposition of two elements from the reference order (1,2,3), which
therefore have sgn =−1 are:

(2,1,3) , (3,2,1) , (1,3,2) , (5.31)

while those obtained from a two transpositions of zero or two elements from the
reference order, and therefore have sgn = 1 are:

(1,2,3) , (3,1,2), (2,3,1) . (5.32)

Hence, the determinant of a 3×3 matrix is obtained from the Leibniz formula as:

det(A) = a11a22a33 +a13a21a32 +a12a23a31

−a12a21a33 −a13a22a31 = a11a23a32 , (5.33)

which agrees with (5.25).

5.5 Properties of Determinants
The calculations in this chapter have focussed on specific aspects of determinants,
which can obscure their general properties. In our discussion about the motivation
for determinants, the association of the determinant with the volume spanned by
3 vectors in R3 is the most intuitive. In effect, the determinant of an n×n matrix
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tests whether the entries of the rows (or columns) span Rn. If they do, then they
generate an n-dimensional volume, i.e. a non-zero determinant, but if they do not,
the n-dimensional volume collapses to a lower dimensional ‘volume,’ which is
zero in Rn, so the determinant vanishes. With this in mind, and supported by
the calculations we have carried out, we have the following general properties of
determinants:

1. The sign of a determinant is reversed if two rows (columns) are interchanged.

For a 3× 3 matrix, the interchange of two rows (say, the first and second)
reads ��������

a21 a22 a23

a11 a12 a13

a31 a32 a33

��������
=−

��������

a11 a12 a13

a21 a22 a23

a31 a32 a33

��������
.

This property stems from the discussion accompanying (5.14) and (5.15).

2. The value of a determinant is zero if any row (column) is made up exclu-
sively of zeros.

This property is a direct consequence of Definition 5.1, with an expansion
based on the row or column with zero entries:

��������

0 0 0

a21 a22 a23

a31 a32 a33

��������
= 0.

3. The value of a determinant is zero if two rows (columns) are identical.

This property also follows from the discussion in Sec. 5.2.2. If two rows or
columns are identical, then the n× n determinant cannot contain n vectors
that span Rn, so the n-dimensional volume collapses to a lower dimensional
volume, which in Rn is zero:

��������

a11 a12 a13

a11 a12 a13

a31 a32 a33

��������
= 0.

4. If all elements in any row (column) are multiplied by a common factor λ ∈
R, the value of the determinant is multiplied by λ .
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This also follows directly from Definition 5.1, by using the row or column
in question as the basis for the expansion:

��������

λa11 λa12 λa13

a21 a22 a23

a31 a32 a33

��������
= λ

��������

a11 a12 a13

a21 a22 a23

a31 a32 a33

��������

Note that, if two rows or columns are multiplied by λ , then the resulting
determinant is multiplied by λ 2; if three rows or columns are multiplied by
λ , then the multiplicative factor form the resulting determinant is λ 3, and
so on.

5. The value of a determinant is zero if two rows (columns) are proportional.
This follows from properties 3 and 4. If the proportionality constant be-
tween, say, the first and second rows, is λ ,

��������

a11 a12 a13

λa11 λa12 λa13

a31 a32 a33

��������
= λ

��������

a11 a12 a13

a11 a12 a13

a31 a32 a33

��������
= 0.

6. The value of a determinant is unchanged if the rows and columns are inter-
changed.
The interchange of the rows and columns in a matrix is called then trans-
pose of that matrix. For a matrix A= (ai j), the transpose, which is denoted
as ‘T’, is AT = (a ji). Hence,

��������

a11 a21 a31

a12 a22 a32

a13 a23 a33

��������
=

��������

a11 a12 a13

a21 a22 a23

a31 a32 a33

��������
.

The proof of this property follows from the Leibniz formula.

7. If the elements of any row (column) are the sums of two terms, the determi-
nant can be written as the sum of two determinants.
This follows directly from the Leibniz formula:
��������

a11 a12 a13

b21 + c21 b22 + c22 b23 + c23

a31 a32 a33

��������
=

��������

a11 a12 a13

b21 b22 b23

a31 a32 a33

��������
+

��������

a11 a12 a13

c21 c22 c23

a31 a32 a33

��������
.
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8. The value of a determinant is unchanged if equal multiples of the elements
of any row (column) are added to the corresponding elements of any other
row (column).

This follows from properties 5 and 7. Suppose we add λ times row 1 to row
2. Then,

��������

a11 a12 a13

λa11 +a21 λa12 +a22 λa13 +a23

a31 a32 a33

��������

= λ

��������

a11 a12 a13

a11 a12 a13

a31 a32 a33

��������
+

��������

a11 a12 a13

a21 a22 a23

a31 a32 a33

��������
=

��������

a11 a12 a13

a21 a22 a23

a31 a32 a33

��������

5.6 Summary
The main points of this chapter are

1. An intuitive motivation for the notion of a determinant. In particular, the
association of the determinant of an n×n matrix with the volume spanned
by the vectors comprising the rows (columns) of the determinant.

2. The calculation of the determinant in terms of minors, as specified in Defi-
nition 5.1.

3. The properties of determinants in Sec. 5.5. These are particularly useful for
the evaluation of determinants.
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