
Chapter 4

Geometry of Lines and Planes

Among the many practical applications of vectors is to the geometry of lines and
planes. The equations for lines and planes are succinctly expressed in terms of
vector quantities, which not only offers an intuitive formulation of these objects
based on the concepts developed in the preceding chapters, but also provides an
elegant computational framework for the geometry of lines and planes and their-
relationships with points and with each other based on the dot and cross products.

Lines and planes are the simplest curves and surfaces in three dimensional
space. Euclidean geometry is essentially the study of straight lines and plane sur-
faces. A wide range of principles are known on flat surfaces, such as the shortest
length between two points, the idea of perpendicularity to a line or plane, in addi-
tion to the notion of the sum of angles of a triangle. Quite apart from the intrinsic
importance of lines and planes in mathematics and physics, they also will prove
useful when we try to understand more complicated curves and surfaces, which
eventually lead to non-Euclidean geometry. Even in such broader settings, curves
and surfaces turn out to be describable locally, that is, over small regions of space,
by straight lines and planes.

This chapter begins with the derivation of the equations of individual lines and
planes in terms of vectors. The key quantity for a line is a vector directed along
the line, while for a plane, the corresponding quantity is a vector perpendicular
to the plane. The usual specifications of lines in terms of two distinct points and
planes in terms of three non colinear points emerges naturally from the vector
equations. The distance between a point and a line and a point and a plane is a
straightforward extension of these ideas. Finally, we examine the intersection of
two planes in a line and the condition for three planes to intersect in a point. The
construction in the latter case leads naturally to a new type of operation between
three vectors: the scalar triple product.
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Figure 4.1: The line passing through the point R0 with position vector rrr0 along the
direction specified by the direction vector ddd. Any point R on the line with position
vector rrr can be written as rrr = rrr0 +λddd, where λ is a real number. This diagram is
shown in two dimensions, but the construction is valid in any dimension n ≥ 2.

4.1 Equations of Lines

4.1.1 Lines Determined by a Point and a Direction
Suppose there is a line with a direction ddd passing through the point R0 with the
position vector rrr0 (Fig. 4.1). The position of any vector rrr of any point R on the
line can be written in parametric form as

rrr = rrr0 +λddd , (4.1)

in which λ is a real number (also known as a parameter). Each point on the line
corresponds to a particular value of λ . In particular, λ = 0 corresponds to R0,
while λ > 0 yields points to the right of R0 and λ < 0 yields points to the left of
R0, as shown in Fig. 4.1. Although this figure is depicted in two dimensions, this
construction and the resulting equation (4.1) are valid in any dimension n ≥ 2.
In the general case, rrr0, rrr, and ddd are n-dimensional vectors and λ is again a real
number. As (4.1) has one degree of freedom, that is, one free parameter (λ ), a line
is a one-dimensional object.

Another way of writing the equation of a line (4.1) in the n-dimensional case
is to first write the vectors appearing in this equation as

rrr = (x1,x2, . . . ,xn) , rrr0 = (x0,1,x0,2, . . . ,x0,n) , ddd = (d1,d2, . . . ,dn) . (4.2)
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Geometry of Lines and Planes 45

Equating each component in (4.1) yields the n equations

x1 = x0,1 +λd1 , (4.3)

x2 = x0,2 +λd2 , (4.4)
...

...
xn = x0,n +λdn , (4.5)

which can be summarized in a single equation as

xi = x0,i +λdi , (4.6)

for i = 1,2, . . . ,n and λ ∈ R. Solving each equation for λ , assuming di �= 0 (but
see below) yields,

λ =
xi − x0,i

di
. (4.7)

Since the right-hand sides of these equations must each be equal to λ , we can
write the equation of a line in coordinate form as

x1 − x0,i

d1
=

x2 − x0,2

d2
=

. . . =
xn − x0,n

dn
= λ . (4.8)

Notice that once we specify any one of the xi, then the others are determined by
this equation. Thus, we still have only a single degree of freedom in specifying
the points on a line.

Suppose dk = 0 for a particular value of k between 1 and n. Then the corre-
sponding equation (4.6) reduces to xk − x0,k = 0, which means that the value of
x0,k does not vary along the line. The remaining n−1 equations (4.8) retain their
form. Analogous considerations apply if there are several di that vanish.

EXAMPLE 4.1. Consider a line in R2, with direction vector ddd = (dx,dy) and
position vector vectors rrr = (x,y) and rrr0 = (x0,y0). The parametric form of this
line, when written in terms of Cartesian coordinates, is

x = x0 +λdx , y = y0 +λdy . (4.9)

The coordinate form of such a line obtained from these equations is

x− x0

dx
=

y− y0

dy
. (4.10)
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This equation can be rearranged as

y =
dy

dx
x+

�
y0 −

dy

dx

�
. (4.11)

which is the standard form of a line in R2, y = mx+b, where m is the slope and b
is the y-intercept.

Returning to (4.9), suppose that dx = 0. The first of these equations reduces
to x = x0, while the second does not change. This describes an equation which is
parallel to the y-axis and passes through x0. Similarly, if dy = 0. the resulting line
passes through y0 and is parallel to the x-axis.

4.1.2 Lines Determined by Two Points
A line is also determined by two points through which it passes. Consider distinct
points R0 and R1 with position vectors rrr0 and rrr1, respectively. The vector rrr1 − rrr0
specifies the direction of the line (Fig. 4.2), whose parametric equation is

rrr = rrr0 +λ (rrr1 − rrr0) , (4.12)

in which λ is a real number. Note that this equation is the same form as that in
(4.1), with ddd = rrr1 − rrr0. This construction is valid in Rn for n ≥ 2.

x

y

R

R0

R1

ddd

rrr
rrr0

rrr1

Figure 4.2: The line passing through the points R0 and R1 with position vectors rrr0
and rrr1, respectively. Any point R on the line with position vector rrr can be written
as rrr = rrr0 +λ (rrr1 − rrr0), where λ is a real number. This diagram is shown in two
dimensions, but the construction is valid in any dimension n ≥ 2.
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Geometry of Lines and Planes 47

EXAMPLE 4.2. Consider the line in R3 passing through the points rrr0 = (1,2,0)
and rrr1 = (2,−1,−1). The direction of this line is obtained from

rrr1 − rrr0 = (2,−1,−1)− (1,2,0) = (1,−3,−1) . (4.13)

The parametric form of this line is, therefore, given by (4.12) as

rrr = rrr0 +λ (rrr1 − rrr0)

= (1,2,0)+λ (1,−3,−1) . (4.14)

To determine the corresponding component form of this line, we denote the gen-
eral position vector as rrr = (x,y,z), whereupon we obtain,

x = 1+λ , y = 2−3λ , z =−λ , (4.15)

or, after solving for λ ,

x−1 =−y−2
3

=−z = λ . (4.16)

Once again, we see that when one of the Cartesian coordinates of rrr is fixed, the
other two coordinates are also fixed, so there is only a singe degree of freedom in
the equations that determine a line.

4.2 Equations of Planes in R3

4.2.1 Planes Determined by a Point and a Normal Vector
A plane is a two-dimensional object in R3, which means that there are two degrees
of freedom in specifying a plane. In this section, we derive the equation of a plane
that passes through a point R0 with position vector rrr0 and is perpendicular to a
given vector nnn, which is known as the normal vector to the plane.

Consider the position vector rrr = (x,y,z) of a point on the plane, as shown in
Fig. 4.3. The vector rrr1− rrr0 is in the plane and is, therefore, perpendicular to nnn for
any choice of rrr in the plane. Hence, the equation of the plane can be concisely
and elegantly written as the dot product

(rrr− rrr0) ·nnn = 0. (4.17)
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Figure 4.3: A section of a plane in R3. The plane passes through the point R0
whose position vector is rrr0 and is perpendicular to the vector nnn, which is known
as the normal vector to the plane. For any point R distinct from R0 with position
vector rrr, the vector rrr− rrr0 lies in the plane and is perpendicular to nnn.

A simple rearrangement of this equation yields

rrr ·nnn = rrr0 ·nnn . (4.18)

Both rrr0 and nnn are fixed vectors, so the scalar product on the right-hand side of this
equation is constant. We denote this constant by D. We now let rrr = (x,y,z) and
nnn = (A,B,C). Then, (4.18) can be written as

rrr ·nnn = (x,y,z) · (A,B,C) = Ax+By+Cz = D . (4.19)

Hence, we have obtained the equation of a plane that is perpendicular to the vector
nnn = (A,B,C) as

Ax+By+Cz = D . (4.20)

The normal vector nnn and the position vector rrr0 =(x0,y0,z0) determine the constant
rrr0 · nnn = D. Thus, (4.18) states that the projection of any position vector rrr onto nnn
yields the same constant. Finally, we note that (4.20) stipulates that specifying one
of the Cartesian coordinates means that the other two coordinates can be freely
specified, so the plane is a two-dimensional object.

EXAMPLE 4.3. Consider the plane 2x+ 3y− z = 10 in R3. The normal vector nnn
to this plane is nnn = (2,3,−1). Then, with rrr = (x,y,z), the equation of the plane
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Geometry of Lines and Planes 49

can be written as rrr · nnn = 10. The equation of this plane can also be written in a
form where z is expressed as a function of x and y:

z(x,y) = 2x+3y−10, (4.21)

once again showing that the plane has two degrees of freedom (x and y in this
case).

4.2.2 Planes Determined by Three Points
Consider the plane passing through the three points R0, R1, and R2 with position
vectors rrr0, rrr1, and rrr2, respectively (Fig. 4.4). To determine a vector perpendicular
to the plane, we observe that the vectors rrr1 − rrr0 and rrr2 − rrr0 both lie within the
plane. Therefore, the vector

nnn = (rrr1 − rrr0)×(rrr2 − rrr0) , (4.22)

is perpendicular to the plane along the direction determined by the right-hand
rule, as shown in Fig. 4.4. Hence, the equation of the plane can be written as
(rrr− rrr0) ·nnn = 0.

EXAMPLE 4.4. Consider the plane that passes through the points R0 = (1,0,0),
R1 = (0,1,0), and R2 = (0,0,1). We form the vectors rrr1 − rrr0 = (−1,1,0) and

x

y

z

rrr2

rrr1

rrr0

R0 R1

R2

rrr1 − rrr0

rrr2 − rrr0

nnn

Figure 4.4: A section of a plane in R3. The plane passes through the three points
R0, R1, and R3 whose position vectors are rrr0, rrr1, and rrr2, respectively. The vector
nnn = (rrr1 − rrr0)×(rrr2 − rrr0) is perpendicular to the plane, as determined by the right-
hand rule.
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rrr2− rrr0 = (−1,0,1) and form their cross product to determine the vector nnn normal
to the plane:

nnn = (rrr1 − rrr0)×(rrr2 − rrr0) =

��������

iii jjj kkk

−1 1 0

−1 0 1

��������
= iii+ jjj+ kkk (4.23)

Then, with
rrr0 ·nnn = rrr1 ·nnn = rrr2 ·nnn = 1, (4.24)

and rrr = (x,y,z), the equation of this plane, rrr · nnn = rrr0 · nnn is, in terms of Cartesian
coordinates,

x+ y+ z = 1. (4.25)

4.3 Distance between a Point and a Line
Consider a line in R3 with a unit direction vector d̂dd and a point P, as shown
in Fig. 4.5. The minimum distance between P and the line is the perpendicular
distance d⊥, which is indicated by the broken line in Fig. 4.5. The vector

−→
AP is

x

y

O

A

P

d̂dd
−→OA

−→AP

θ d⊥

Figure 4.5: Two-dimensional depiction of a line with unit direction vector d̂dd, any
point A on the line, and a point P. The minimum distance d⊥ between P and the
line is indicated by the broken line.
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Geometry of Lines and Planes 51

from any point on the line to the point P. Elementary trigonometry immediately
yields d⊥ = |−→AP|sinθ , which can be written as

d⊥ = |−→AP|sinθ = |−→AP||d̂dd|sinθ = |−→AP×d̂dd| . (4.26)

Notice that any point A on the line can be chosen, as the angle θ and length |−→AP|
both change to yield the same value for the perpendicular distance.

4.4 Distance between a Point and a Plane
A general plane in R3 has the equation

Ax+By+Cz = D . (4.27)

The unit normal n̂nn to this plane is

n̂nn =
Aiii+B jjj+C kkk√

A2 +B2 +C2
. (4.28)

Consider a point P in R3. Our aim is to determine the perpendicular distance d⊥
between this point and the plane (4.27). The geometry of these various quantities
is shown in Fig. 4.6. Let A be any point on the plane, so

−→
AP is the vector from A

to P. Then, according to Fig. 4.6, the perpendicular distance d⊥ between P and
the plane is obtained by projecting

−→
AP onto the unit normal n̂nn. In other words, the

distance d⊥ is the length of the projection of
−→
AP onto n̂nn:

d⊥ = |−→AP · n̂nn| . (4.29)

The need for the absolute value on the right-hand side is as follows. A plane
separates R3 into two regions. If the unit normal to the plane points toward the
region in which P lies, then the dot product will be positive. This is the situation
depicted in Fig. 4.6. However, if P lies in the other region, then the dot product is
negative. The absolute value of the dot product is taken to ensure that the distance
obtained is non-negative. Notice also from Fig. 4.6 that if P lies on the plane, then
the dot product in (4.29) vanishes.

Another consequence of the construction in Fig. 4.6 is that we can easily de-
termine the perpendicular distance d0 from the plane to the origin. With the origin
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Figure 4.6: A section of a plane in R3, together with a point P and any point A
on the plane. The perpendicular distance d⊥ of P to the plane is indicated by the
broken line along the unit normal nnn to the plane.

O taking the place of P in the preceding derivation, we must now project
−→
OA onto

n̂nn:
d0 = |−→OA · n̂nn| . (4.30)

In fact, since A is any point on the plane, we can assign general coordinates to the
corresponding position vector:

−→
OA = x iii+ y jjj+ zkkk = rrr . (4.31)

Hence, the perpendicular distance from a plane to the origin can be written as

d0 = |rrr · n̂nn| . (4.32)

Recall from (4.17) and (4.20) that the equation of a plane is rrr · nnn = rrr0 · nnn = D.
Dividing this equation by the length |nnn| of the normal vector to the plane, we
obtain

rrr · nnn
|nnn| = rrr · n̂nn = d0 =

D
|nnn| , (4.33)

so the perpendicular distance of the plane to the origin can be obtained directly
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from the equation of the plane:

d0 =
D
|nnn| =

D√
A2 +B2 +C2

. (4.34)

Without absolute value signs, d0 can be positive or negative, depending on whether−→
OA is parallel to nnn or anti-parallel to nnn, that is, along the direction of −nnn.

EXAMPLE 4.5. Consider the plane given by the equation 2x+ 3y− z = 10. The
normal to this plane, nnn = (2,3,−1) has length

|nnn|= (22 +32 +(−1)2)
1
2 =

√
14, (4.35)

so the perpendicular distance from this plane to the origin is

d0 =
10√
14

≈ 2.67 . (4.36)

Note that this distance is positive, so
−→
OA lies in the direction of nnn.

4.5 Line of Intersection of Two Planes
Consider two planes in R3:

A1x+B1y+C1z = D1 , (4.37)

A2x+B2y+C2z = D2 , (4.38)

with normal vectors nnn1 = (A1,B1,C1) an nnn2 = (A2,B2,C2). Will these planes in-
tersect in a line and, if so, what is the equation of that line? The three possible
geometries of two planes are shown in Fig. 4.7, from which we immediately con-
clude that two planes intersect in a line if and only if their normal vectors are not
parallel. We know that the cross product of two parallel vectors vanishes (because,
for example, the area of the parallelogram whose sides are the two vectors reduces
to a line, so the area vanishes). Hence, two planes intersect in a lone if and only if
the cross product of their normal does not vanish:

nnn1×nnn222 �= 000. (4.39)
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nnn1

nnn2
nnn1 nnn2 nnn1nnn2

(a) (b) (c)

Figure 4.7: Schematic depiction of the arrangements of two planes along with
their normal vectors. (a) Two parallel planes which do not intersect at all. (b)
Two identical planes, whose intersection is the plane itself. (c) Two planes that
intersect in a line.

To find the equation of the line of intersection of two planes, we must find
a point rrr0 = (x0,y0,z0) on the line and a direction vector ddd along the line. To
determine the latter, we first note that the normal vectors of the two planes are
both perpendicular to ddd, as Fig. 4.7(c) and Fig. 4.8 show. Hence, to determine ddd,
we use the cross product in (4.39) to obtain

ddd = nnn1×nnn2 . (4.40)

To determine rrr0, we first note that the point (x0,y0,z0) lies on the line of in-
tersection of the two planes and must, therefore, lie on both planes in (4.37) and
(4.38). The simplest procedure to identify such a point is to choose (freely) one of

x

y

z

nnn1
nnn2

ddd

rrr0

R0

Figure 4.8: The intersection of two planes in a line, with the direction vector ddd
obtained from the cross product of the normal vectors of the planes: ddd = nnn1×nnn2.
The equation for the line of intersection is obtained from ddd and any point R0 on
the line with position vector rrr0 as rrr = rrr0 +λddd, where r is the position vector of
any point R on the line and λ is a real number.
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the coordinates, say x0, and then solve the equations for y0 and z0. The parametric
equation for the line of intersection is given by rrr = rrr0 + λddd, where λ is a real
number. The alternative representation of a line in terms of two points could also
be used here by choosing two points x0 and x1, solving (4.37) and (4.38) for the
corresponding y and z coordinates and proceeding as in Sec. 4.1.2.

EXAMPLE 4.6. Consider the two planes

2x+3y− z = 7, (4.41)

x+ y+ z = 1, (4.42)

which we will refer to as plane 1 and plane 2, respectively. The corresponding
normal vectors are

nnn1 = 2 iii+3 jjj− kkk , nnn2 = iii+ jjj+ kkk . (4.43)

The cross product of these vectors is,

nnn1×nnn2 =

��������

iii jjj kkk

2 3 −1

1 1 1

��������

= (3+1)iii+(−1−2) jjj+(2−3)kkk

= 4 iii−3 jjj− kkk . (4.44)

Therefore, these planes intersect in a line with direction vector ddd = (4,−3,−1).
The equation for this line can be obtained by determining a single point on the line.
We set x0 = 0. The corresponding values of y0 and z0 are obtained by solving the
two equations

3y− z = 7, y+ z = 1. (4.45)

Adding these two equations together yields 4y = 8, or y = 2, from which we
immediately obtain z =−1. Hence, rrr0 = (0,2,−1) and the equation of the line of
intersection is rrr = rrr0 +λddd, or, in Cartesian coordinates,

x = 4λ , y = 2−3λ , z =−1−λ . (4.46)

To show this line belongs to both planes, we calculate

2x+3y− z = 2(4λ )+3(2−3λ )− (−1−λ )
= 6+1+(8−9+1)λ = 7, (4.47)
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x+ y+ z = (4λ )+(2−3λ )+(−1−λ )
= 2−1+(4−3−1)λ = 1. (4.48)

so the Cartesian equations (4.46) satisfy the equations of both planes/

4.6 Condition for Three Planes to Intersect in a Point
Consider the three planes,

A1x+B1y+C1z = D1 , (4.49)

A2x+B2y+C2z = D2 , (4.50)

A3x+B3y+C3z = D3 , (4.51)

whose normal vectors are

nnn1 = (A1,B1,C1) , nnn2 = (A2,B2,C2) , nnn3 = (A3,B3,C3) . (4.52)

What is the condition for these planes to intersect in a point? Possible config-
urations of three planes is shown in Fig. 4.9. Figure 4.9(a) shows three parallel
planes. These clearly do not intersect in a point, nor do two identical planes and
a third distinct parallel plane (not shown d) or three identical planes (Fig. 4.9(f)).
In the remaining cases in Fig. 4.9(b,c,d,e), two of the planes intersect in a line. In
(b), two of the planes are parallel, so their intersections are in two lines, while in
(c), the planes intersect in three lines. In (d), two of the planes are identical, so
again the intersection of the three planes is in a line. That leaves only (e), where
three distinct planes intersect in a line.

(a) (b) (c)

(d) (e) (f)

Figure 4.9: Schematic depiction of the arrangements of three planes in R3.
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For three planes to intersect at a point, any two of the planes must intersect
in different lines which are not parallel, since the lines themselves must intersect
at a point. The only possibility is related to the case shown in Fig. 4.9(e). To
examine this case in more detail, we consider the planes in Fig. 4.10. Two planes,
1 and 2, are shown along with their normal vectors which intersect in a line. In
Fig. 4.10(a), a third planes intersects each of the first two. These lines of inter-
section between any two planes themselves intersect in a point, which is the only
point of intersection between the three planes. The normal vector of the third
plane is perpendicular to those of planes 1 and 2. As this plane is tilted slightly
in Fig. 4.10(b), the same considerations as in (a) still apply. The normal vector is
no longer perpendicular to those of planes 1 and 2, but it retains a perpendicular
component to these vectors. Tilting the third plane even further, as in Fig. 4.10(b)
yields the configuration in Fig. 4.9(e), where the three planes intersect in a line.
From the three cases in Fig. 4.10, we conclude that the condition for three planes
to intersect at a point, the normal vector of the third plane must have a component
that is perpendicular to those of the other two planes, that is

nnn3 · (nnn1×nnn2) �= 0. (4.53)

This is known as the scalar triple product. For three vectors aaa = (a1,a2,a3),
bbb = (b1,b2,b3), and ccc = (c1,c2,c3), the scalar triple product aaa ·(bbb×ccc) is evaluated
as (Problem Set 2):

aaa · (bbb×ccc) =

��������

a1 a2 a3

b1 b2 b3

c1 c2 c3

��������

= (a1b2c3 −a1b3c2)+(a2b3c1 −a2b1c3)

+(a3b1c2 −a3b2c1) . (4.54)

The geometric meaning of this triple product will be described in the next chapter.

4.7 Summary
This chapter has developed the descriptions of lines and planes in terms of vectors
and has shown how to calculate the various inter-relationships between lines and
points and between planes and points, and for line of intersection between two
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(b)

x
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z

nnn1
nnn2 nnn3

(c)

Figure 4.10: Intersections of three planes, along with their normal vectors, show-
ing the transition from their intersection in a single point (a,b) to their intersection
in a line (c). The lines of intersection of any two planes are indicated by bold lines
and the point of intersection of the three planes is indicated in (a) and (b).
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planes and the condition for three planes to intersect at a point. The fundamental
difference between the vector representations of lines and planes is that a line
is determined by a point and a direction vector along the line, while a plane is
determined by a point and vector perpendicular to the plane. For this reason,
various quantities associated with lines are based on the dot product, while those
for planes involve the cross product.
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