
Chapter 2

Vector Algebra

Chapter 1 introduced the notions of vectors and scalars, and developed two ways
of representing vectors: graphically, by the head and tail of a vector, and alge-
braically, in terms of the Cartesian coordinates of the head and tail. All of this
exposition was based on vectors as single entities. But the use of vectors in sci-
ence and engineering typically involves several vectors that must be combined by
addition and scalar and vector multiplication. For example, classical mechanics is
based on Newton’s second law, which relates the rate of change of the momentum
of an object to the sum of forces acting on that object. Indeed, we have already
seen in Sec. 1.1 how Newton regarded the ‘addition’ of two forces as their sequen-
tial action. This turns out to provide a physical and geometrical interpretation of
vector addition.

This chapter is devoted to developing the algebra of vectors: addition, subtrac-
tion, and multiplication. Each operation will be motivated by an application for
which that operation provides a solution. Along the way, we will formalize the
notion of a ‘vector space,’ which is an important structure used in several areas of
mathematical physics.

We begin this chapter with the multiplication of a vector by a scalar, followed
by the addition of two vectors. These two operations enable all vectors to be ex-
pressed as the sum of unit vectors that lie along each of the coordinate axes. This
is followed by the multiplication of two vectors, to which the majority of this
chapter is devoted, in part because of the geometrical background required to put
vector multiplication into context. There are two constructions for the product of
two vectors: one which produces a scalar and the other a vector which, are accord-
ingly, referred to as the ‘scalar product’ and the ‘vector product.’ Each product
provides a different type of information about the orientation of two vectors in
space.
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12 Linear Algebra

2.1 Basic Vector Algebra

2.1.1 Product of a Vector and a Scalar
The multiplication of a vector by a scalar is one of the simplest operations. The
product of a scalar s and an n-dimensional vector aaa = (a1,a2, . . . ,an) is defined as

saaa = s(a1,a2, . . . ,an) = (sa1,sa2, . . . ,an) , (2.1)

so that each coordinate of aaa is multiplied by s. If the units of aaa and saaa are the
same, then s must be a pure number. There are several noteworthy special cases.
If s > 0, then aaa is stretched, while if 0 < s < 1, aaa is compressed. Clearly, if s = 1,
then original vector is unchanged:

1×aaa = (1×a1,1×a2, . . . ,1×an) = (a1,a2, . . . ,an) = aaa . (2.2)

The choice s =−1 reverses the direction of aaa:

−1×aaa = (−1×a1,−1×a2, . . . ,−1×an) = (−a1.,−a2, . . . ,−an) =−aaa , (2.3)

and s = 0 produces the zero vector:

0×aaa = (0×a1,0×a2, . . . ,0×an) = (0,0, . . . ,0) = 000, (2.4)

all of whose coordinates are zero. This vector has no magnitude, no direction, and
is represented by a point at the origin.

If aaa is multiplies by the reciprocal of its length, the result,

âaa =
aaa
|aaa| , (2.5)

is a vector of unit length along the direction of that vector. This vector is called
a unit vector and is signified by a circumflex. When this equation is written as
aaa = |aaa|âaa, the magnitude and direction of an arbitrary vector appear as separate
factors. Indeed, a vector of any non-zero magnitude u along the direction of aaa is
uâaa.

We can easily show how the magnitude and direction of a vector change under
scalar multiplication. If s > 0, then

saaa = |saaa|âaa , (2.6)
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Vector Algebra 13

the vector saaa is either stretched (s > 1) or compressed (0 < s < 1), while keeping
the direction the same. If s < 0,

saaa =−|s||aaa|âaa =−|saaa|âaa . (2.7)

then saaa is again either stretched (s < −1) or compressed (−1 < s < 0) and its
direction is reversed.

EXAMPLE 2.1. Consider the vector aaa = (2,1) and the effect of scalar multipli-
cation by s = 3

2 and s = −1
2 . Figure 2.1(a) shows the original vector aaa, with the

vectors 3
2 aaa and −1

2 aaa shown in Fig 2.1(a,b). The positive value of s > 1 stretches aaa
without altering its direction, while s =−1

2 reverses the direction of aaa and reduces
its length.

2.1.2 Vector Addition and Subtraction
Suppose that we have two forces that are represented by vectors aaa and bbb which act
on the center of mass of an object. The resultant of these forces is the sequential
effect of the individual forces on the object. This resultant force is itself a vector
which is called the sum of aaa and bbb and is denoted as aaa+ bbb. There are two ways
of constructing this sum. The first is to add the respective components of the two
vectors [Fig. 2.2(a)]. For n-dimensional vectors aaa and bbb, this is written as

aaa+bbb = (a1 +b1,a2 +b2, . . . ,an +bn) . (2.8)

The geometric interpretation of this sum involves translating one of the vectors,
say aaa, so that its tail lies at the head of the other vector bbb [Fig. 2.2(b)]. The head
of the sum aaa+bbb is the head of the translated vector aaa.

(a) (b) (c)

Figure 2.1: The vectors (a) aaa = (2,1), (b) 3
2 aaa = (3, 3

2), and (c) −1
2 aaa = (−1,−1

2)
in Example 2.1.

Mark Gill
MPH

Mark Gill
marksphysicshelp



14 Linear Algebra

Figure 2.2: The addition of two vectors aaa and bbb from (a) the addition of each of
their components, and (b) the head-to-tail construction.

The calculation of the difference of two vectors proceeds similarly to their
sum. Consider the two vectors aaa and bbb shown in Fig. 2.3(a). The difference aaa−bbb
is the sum of aaa and −bbb. We will calculate aaa− bbb by the head-to-tail procedure,
yielding the resultant vector shown in Fig. 2.3(b). By translating this vector to
the original vectors in the difference [Fig. 2.3(c)], we see that aaa−bbb is the vector
whose tail is at the head of bbb and whose head is at the head of aaa. In practice, the
difference of two vectors is identified with the construction of Fig. 2.3(c) directly,
without the intermediate step in Fig. 2.3(b). Vector addition and subtraction can

Figure 2.3: The difference of the two vectors aaa and bbb shown in (a). The interpre-
tation of this difference as the sum of aaa and −bbb, shown in (b). By an appropriate
translation of the resultant difference vector, the original vectors and their differ-
ence form the triangle in (c).
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Vector Algebra 15

be summarized in a single equation:

aaa±bbb = (a1 ±b1,a2 ±b2, . . . ,an ±bn) . (2.9)

We can now develop an alternative representation of vectors. A unit vector can
be defined along any direction. In particular, in three dimensions, we can define
unit vectors along the x-, y-, and z-axes as:

iii ≡ (1,0,0) , jjj ≡ (0,1,0) , kkk ≡ (0,0,1) . (2.10)

The notation iii, jjj, and kkk is standard.

Figure 2.4: Representation of a three-
dimensional vector in terms of its com-
ponents along the x-, y-, and z-axes.

The circumflex used for other unit vec-
tors is not used for these vectors be-
cause they are understood to be unit
vectors. Any three-dimensional vector
aaa = (a1,a2,a3) can be written in coor-
dinate form as

aaa = a1 iii+a2 jjj+a3 kkk , (2.11)

in which a1, a2, and a3 are the lengths
of aaa along the x-, y-, and z-axes, re-
spectively, and are accordingly, called
the components of aaa. The graphical
representation of this equation is shown
in Fig. 2.4 using the head-to-tail construction in Fig. 2.2(b) for the addition of a1 iii,
a2 jjj, and a3 kkk.

EXAMPLE 2.2. Consider the vectors aaa = (3,1,2) and bbb = (−1,2,1). The lengths
of these vectors are:

|aaa|= (32 +12 +22)
1
2 =

√
14, (2.12)

|bbb|= ((−1)2 +22 +12)
1
2 =

√
6. (2.13)

The unit vectors along aaa and bbb are, in coordinate and component form,

âaa =
1√
14

(3,1,2) =
�

3√
14

,
1√
14

,
2√
14

�

=
3√
14

iii+
1√
14

jjj+
2√
14

kkk , (2.14)
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16 Linear Algebra

b̂bb =
1√
6
(−1,2,1) =

�
− 1√

6
,

2√
6

,
1√
6

�

=− 1√
6

iii+
2√
6

jjj+
1√
6

kkk . (2.15)

The sum and difference of aaa and bbb are

aaa+bbb = (2,3,3) = 2 iii+3 jjj+3kkk , (2.16)
aaa−bbb = (4,−1,1) = 4 iii− jjj+ kkk . (2.17)

2.1.3 Linear Vector Spaces1

The idea of vectors and the operations of scalar multiplication and vector addition
(and subtraction) can be extended to objects that are not at all like the typical
‘arrow heads’ that we might picture in the usual geometric space. For instance, we
might want to model a system that is characterized by a set of n values/components
(e.g. the collective vibrational motion of atoms in molecules and other examples
of ‘normal modes’ in classical mechanics). These can be written as vectors in
an n-dimensional space. While these vectors might not look like typical vectors,
if they form what is called a ‘linear vector space,’ then they will share certain
characteristics. This is the power of mathematical abstraction.

DEFINITION 2.1. A vector space is a set of objects called vectors and a set
of scalars with two composition laws. Vector addition associates with any two
vectors uuu,vvv the sum uuu+ vvv. Scalar multiplication associates with any vector vvv and
scalar a the product avvv. These composition laws satisfy the following axioms for
all vectors uuu,vvv,www and scalars a,b:

1. Addition is commutative,

uuu+ vvv = vvv+uuu .

2. Addition is associative,

(uuu+ vvv)+www = uuu+(vvv+www) .

3. There exists a unique zero vector 000 that obeys

uuu+000 = uuu .
1For information only; not examinable.
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Vector Algebra 17

4. Every vector uuu has a unique inverse −uuu under addition such that

uuu+(−uuu) = 000.

5. Scalar multiplication is distributive over vector addition,

a(uuu+ vvv) = auuu+avvv ,

(a+b)uuu = auuu+buuu ,

has a unit, signified by 1, such that,

1vvv = vvv ,

and successive multiplication of vectors by scalars satisfies

(ab)vvv = a(bvvv) .

EXAMPLE 2.3 The real numbers R, the plane R2, and the three-dimensional space
R3 are all vector spaces with the definitions of scalar multiplication and addition in
(2.1) and (2.9). Indeed, the n-dimensional space Rn with the analogous definitions
of addition and scalar multiplication is a vector space for n ≥ 1. A slightly less
obvious example is the set of polynomials of degree n with real coefficients.

2.2 Products of Two Vectors
Suppose that there are two three-dimensional vectors whose tails lie at the origin.
There are two aspects of their orientation that we will consider in this section: the
angle between the two vectors, and the orientation of the plane formed by the ori-
gin and the two vector heads. Both can be determined by invoking standard results
in geometry and will lead to two types of vector product that substantially sim-
plify these calculations by providing simple formulas in terms of the components
of the vectors..

2.2.1 The Scalar (‘Dot’) Product
Figure 2.5 shows two three-dimensional vectors aaa and bbb. The angle θ between
these vectors can be calculated by forming the triangle whose sides are aaa, bbb, and
aaa− bbb, as indicated in Fig. 2.5(b). Since the length of each side of the triangle is
known, θ can be determined by the law of cosines:

|aaa−bbb|2 = |aaa|2 + |bbb|2 −2|aaa||bbb|cosθ . (2.18)
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18 Linear Algebra

Figure 2.5: (a) Two vectors aaa and bbb in three-dimensional space with the angle θ
between them indicated. (b) The triangle formed by aaa, bbb and aaa−bbb.

This is a key result of plane geometry that generalizes Pythagoras’ theorem to
triangles without right angles. A proof of the law of cosines is provided in the ap-
pendix to this chapter. The calculations that appear in this equation are calculated
in (1.5) and (2.9). We obtain

|aaa−bbb|2 = (a1 −b1)
2 +(a2 −b2)

2 +(a3 −b3)
2

= a2
1 −2a1b1 +b2

1 +a2
2 −2a2b2 +b2

2 +a2
3 −2a3b2 −b2

3 , (2.19)

and

|aaa|2 + |bbb|2 −2|aaa||bbb|cosθ = a2
1 +a2

2 +a2
3 +b2

1 +b2
2 +b2

3 −2|aaa||bbb|cosθ . (2.20)

Substituting these expanded expressions into the law of cosines, which is tanta-
mount to equating them, yields, after several cancellations,

a1b1 +a2b2 +a3b3 = |aaa||bbb|cosθ , (2.21)

The left-hand side of this equation is a product of aaa and bbb which is written in
standard notation as

aaa ·bbb ≡ a1b1 +a2b2 +a3b3 , (2.22)

and is known as the scalar product, because the result of this product is a scalar,
the dot product, because this product is signified by a ‘dot’, and, mostly in math-
ematics texts, as the inner product. This product yields the angle between two
vectors aaa and bbb as

aaa ·bbb = |aaa||bbb|cosθ . (2.23)
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Vector Algebra 19

This equation can be solved for θ as

θ = cos−1
�

aaa ·bbb
|aaa||bbb|

�
= cos−1(âaa · b̂bb) , (2.24)

where the unit vectors are obtained by dividing both sides of (2.23) by |aaa||bbb|. The
presence of the inverse function means that 0 ≤ θ ≤ π .

EXAMPLE 2.4. Consider the problem of finding the angle between the vectors
aaa = iii+2 jjj+3kkk and bbb =−2 iii+3 jjj+ kkk. We first calculate the magnitudes

|aaa|= (12 +22 +32)
1
2 =

√
14, (2.25)

|bbb = ((−2)2 +32 +12)
1
2 =

√
14, (2.26)

and the dot product:

aaa ·bbb = (1×(−2))+(2×3)+(3×1) = 7. (2.27)

Substitution of these equations into (2.23) yields

cosθ =
aaa ·bbb
|aaa||bbb| =

7√
14

√
14

=
1
2

, (2.28)

so θ = 60◦ = 1
3π .

Suppose we repeat this calculation for aaa� =−aaa and bbb. The magnitudes are, of
course, not affected by this change, but the dot product becomes

aaa� ·bbb = ((−1)×(−2))+((−2)×3)+((−3)×1) =−7. (2.29)

Hence, cosθ = 1
2 . so θ = 2

3π or θ = 4
3π .. As noted above, we take the first of

these as the angle between the two vectors.

The dot product has several important and useful properties:

1. The dot product can be positive, negative, or zero. The geometrical inter-
pretation of these values will be discussed below.

2. The interchange of aaa and bbb does not affect the dot product:

aaa ·bbb = a1b1 +a2b2 +a3b3 = b1a1 +b2a2 +b3a3 = bbb ·aaa . (2.30)

Thus, the cosine of the angle of aaa relative to bbb is the same as that of bbb
relative to aaa because the cosine is an even function: cos(−θ) = cosθ .
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20 Linear Algebra

Figure 2.6: The dot product of vectors aaa and bbb represented as (a) the projection
of bbb onto aaa, and (b) the projection of aaa onto bbb. The projection of aaa onto bbb when
cosθ < 0 is shown in (c).

3. The length of a vector aaa can be calculated by taking the dot product of aaa
with itself: |aaa|2 = aaa ·aaa. Using (2.23), we obtain (1.5):

|aaa|= (a2
1 +a2

2 +a2
3)

1
2 , (2.31)

4. The geometric origin of the dot product is the law of cosines, but there is an
alternative interpretation that has important consequences. After dividing
by (2.23) by |bbb|, we obtain

aaa · b̂bb = |aaa|cosθ , (2.32)

in which b̂bb is the unit vector along bbb. This equation represents the compo-
nent of aaa along bbb, as shown in Fig. 2.6(b) and is called the projection of aaa
onto bbb. Similarly, the division of (2.23) by |aaa| yields

bbb · âaa = |bbb|cosθ , (2.33)

which is the projection of bbb onto aaa [Fig. 2.6(a)]. Figure 2.5(c) shows that
the projection can be negative, in which case the projection of bbb onto aaa is
along the direction opposite to that of aaa.

5. Two vectors aaa and bbb for which aaa ·bbb = 0 are said to be orthogonal. Orthog-
onal vectors lie at right angles to one another, so neither has a projection
onto the other. The unit vectors iii, jjj, and kkk introduced in (2.10) are mutually
orthogonal and each has unit length:

iii · iii = 1, jjj · jjj = 1, kkk · kkk = 1, (2.34)
iii · jjj = 0, jjj · kkk = 0, iii · kkk = 0, . (2.35)
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Vector Algebra 21

A set of vectors with these properties is called orthonormal, indicating
both orthogonality and normalization to unit length. The components of
any vector aaa = a1 iii+a2 jjj+a3 kkk are the projections

a1 = aaa · iii , a2 = aaa · jjj , a3 = aaa · kkk . (2.36)

6. Any vector aaa can be resolved into components along another vector bbb and
perpendicular to that vector. The component aaa� of aaa along bbb is

aaa� = (aaa · b̂bb)b̂bb . (2.37)

The component aaa⊥ perpendicular to bbb is then

a⊥ = aaa−aaa� . (2.38)

This decomposition of a vector into components with respect to a given
direction is used in mechanics to resolve forces into components along and
perpendicular to the direction of motion.

2.2.2 The Vector (‘Cross’) Product
We now consider the orientation in space of the plane determined by aaa and bbb in
Fig. 2.5(a). We again begin with geometry. The equation of a plane is

Ax+By+Cz+D = 0, (2.39)

where A, B, C, and D are real constants that we will determine below. That this
is the most general equation of a plane can be seen by observing that (i) there is a
single equation relating three variables, leaving two degrees of freedom, and (ii)
the equation is linear in each variable. The orientation of this plane is expressed
naturally by a vector nnn that is perpendicular to the plane:

nnn = Aiii+B jjj+C kkk . (2.40)

This is the normal vector to the plane (2.39). That aaa is perpendicular to this plane
can be seen by assigning any two points P1 = (x1,y1,z1) and P2 = (x2,y2,z2) as
the tail and head of a vector PPP =

−−→
P1P2 that lies in the plane (2.39). If we rigidly

translate this vector so that its tail lies at the origin, this vector is

−−→
P1P2 = (x2 − x1)iii+(y2 − y1) jjj+(z2 − z1)kkk . (2.41)
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22 Linear Algebra

As P1 and P2 both lie in the plane (2.39), each of their coordinates satisfy the
equation of that plane:

Ax1 +By1 +Cz1 +D = 0, (2.42)
Ax2 +By2 +Cz2 +D = 0. (2.43)

Hence,

nnn ·PPP = A(x2 − x1)+B(y2 − y1)+C(z2 − z1)

= Ax2 +By2 +Cz2 − (Ax1 +By1 +Cz1)

=−D− (−D) = 0, (2.44)

so nnn is orthogonal to every vector in the plane (2.39) and, therefore, perpendicular
to the plane itself.

We now specialize this result to the plane that contains aaa and bbb in Fig. 2.5(a).
This is specified by three points: the origin (0,0,0), which is the coordinate of
both tails, and the coordinates of the two heads, (a1,a2,a3) and (b1,b2,b3). The
point at the origin implies that D = 0 The other two points then yield

Aa1 +Ba2 +Ca3 = 0, (2.45)

Ab1 +Bb2 +Cb3 = 0. (2.46)

We have two equations and three constants to determine. Thus, we will be able
only to determine two ratios, say, B/A and C/A. To eliminate B from the two
equations, we multiply the first equation by b2, the second by a2 and subtract the
second resulting equation from the first to obtain

A(a1b2 −a2b1)+C(a3b2 −a2b3) = 0, (2.47)

which we rearrange as
C
A
=

a1b2 −a2b1a
a2b3 −a3b2

. (2.48)

Similarly, to eliminate C, we multiply the first equation by b3, the second by a3,
and subtract the second resulting equation from the first to obtain

A(a1b3 −a3b1)+B(a2b3 −a3b2) = 0, (2.49)

which we rearrange as
B
A
=−a1b3 −a3b1

a2b3 −a3b2
. (2.50)

Mark Gill
MPH

Mark Gill
marksphysicshelp



Vector Algebra 23

Before proceeding, we introduce some notation that enables expressions on the
right-hand sides of (2.48) and (2.50) to be written compactly:

ai a j

bi b j

+

−

= aib j −a jbi , (2.51)

where the signs above and below the array indicate the sign associated with the
two terms in the sum. The normal vector nnn to the plane determined by aaa and bbb is,
therefore,

nnn =

�����
a2 a3

b2 b3

����� iii−
�����
a1 a3

b1 b3

����� jjj+

�����
a1 a2

b1 b2

�����kkk . (2.52)

This vector is determined solely by products of the components of aaa and bbb. This
product is denoted as aaa×bbb and is called the cross product, because of the type of
multiplication sign used to signify this operation, the vector product, because the
product is a vector, and in many mathematics textbooks, the exterior product.

An alternative way of writing the cross product that is more concise than (2.52)
and easier to remember is to extend the notation in (2.51) to 3×3 arrays:

a1 a2 a3 a1 a2

b1 b2 b3 b1 b2

c1 c2 c3 c1 c2

+ + +

− − −

(2.53)

where, as in (2.51), the signs above and below the array indicate the sign associ-
ated with each of the six terms in the sum. Explicit evaluation yields

��������

a1 a2 a3

b1 b2 b3

c1 c2 c3

��������
= a1b2c3 +a2b3c1 +a3b1c2 −a2b1c3 −a1b3c2 −a3b2c1 . (2.54)
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24 Linear Algebra

Hence, the normal vector (2.52)can be written concisely as

aaa×bbb =

��������

iii jjj kkk

a1 a2 a3

b1 b2 b3

��������
. (2.55)

Having found the direction of the normal to the plane of aaa and bbb, we turn our
attention to determining its magnitude. Using (2.52) or (2.55) we have

|aaa×bbb|2 = (a2b3 −a3b2)
2 +(a1b3 −a3b1)

2 +(a1b2 −a2b1)
2

= a2
2b2

3 +a2
3b2

2 −2a2b3a3b2 +a2
1b3

3 +a2
3b2

1 −2a1b3a3b1

+a2
1b2

2 +a2
2b2

1 −2a1b2a2b1

= a2
1(b

2
2 +b2

3)+a2
2(b

2
1 +b2

3)+a3
3(b

2
1 +b2

2)

−2a2b3a3b2 −2a1b3a3b1 −2a1b2a2b1

= (a2
1 +a2

2 +a2
3)(b

2
1 +b2

2 +b2
3)−a2

1b2
1 −a2

2b2
2 −a3

3b2
3

−2a2b3a3b2 −2a1b3a3b1 −2a1b2a2b1

= (a2
1 +a2

2 +a2
3)(b

2
1 +b2

2 +b2
3)− (a1b1 +a2b2 +a3b3)

2

= |aaa|2|bbb|2 − (aaa ·bbb)2 . (2.56)

This expression can be further simplified by using (2.23) to evaluate the dot prod-
uct:

|aaa|2|bbb|2 − (aaa ·bbb)2 = |aaa|2|bbb|2 − |aaa|2|bbb|2 cos2 θ = |aaa|2|bbb|2 sin2 θ . (2.57)

Hence, after a somewhat lengthy calculation, we obtain a remarkably simple ex-
pression for the magnitude of the cross product:

|aaa×bbb|= |aaa||bbb|sinθ , (2.58)

where θ is the angle between aaa and bbb.
The geometrical relationships between the various quantities associated with

the cross product are shown in Fig. 2.7. The magnitude in (2.58) is shown in
Fig. 2.7(a) as a shaded rectangle whose base has length aaa and height |bbb|sinθ .
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Figure 2.7: The area |aaa||bbb|sinθ shown as (a) a rectangle with base |aaa| and height
|bbb|sinθ , and (b) as a parallelogram whose sides are parallel to aaa and bbb. The
direction of aaa×bbb is shown in (c) according to the convention of the right-hand
rule discussed in the text.

By moving the shaded area contained within the broken lines and bbb at the left of
the figure to the unshaded region marked by the broken lines at the right of the
figure, we obtain the parallelogram in Fig. 2.7(b), which has the same area as the
rectangle in Fig. 2.7(a). This is a more natural representation of the magnitude of
the cross product because the sides of the parallelogram coincide with aaa and bbb.
The direction and magnitude of aaa×bbb are shown together in Fig. 2.7(c).

The direction of the cross product is, by convention, determined by ‘the right-
hand rule’: when the fingers of the right hand curl around in the direction from aaa
to bbb, the thumb points in the direction of aaa×bbb. Since the magnitude |aaa×bbb| is non-
negative, we must define θ as the smaller angle between aaa and bbb and to be within
the range 0 ≤ θ ≤ π . Figure 2.8 illustrates how reversing the direction of vectors
in a cross product affects the direction of the cross product and the position of the
parallelogram defined by the vectors in Fig. 2.7(b), though not its area, i.e. the
length of the cross product remains the same

EXAMPLE 2.4. Consider the vectors aaa= iii+ jjj+kkk and bbb= iii+kkk. The cross product
between these vectors is obtained from (2.55):

aaa×bbb =

��������

iii jjj kkk

1 1 1

1 0 1

��������
= iii− kkk . (2.59)
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Figure 2.8: The effect on the cross product aaa×bbb of reversing in turn the directions
of aaa and bbb to obtain aaa� =−aaa and bbb� =−bbb. This may alter the direction of the cross
product, but not its magnitude. In each panel, the parallelogram associated with
the smaller angle between the vectors is shown shaded. (a) The parallelogram
defined by aaa and bbb and the direction of aaa×bbb, as determined by the right-hand rule.
(b) Reversing aaa reverses the direction of the cross product. (c) Reversing both aaa
and bbb restores the original direction of the cross product. (d) Reversing only bbb
again reverses the direction of the original cross product.

This vector is perpendicular to aaa and bbb, as can be verified by the dot products
aaa · (aaa×bbb) = 0 and bbb · (aaa×bbb) = 0.

The sine of the angle between these vectors is obtained from (2.58) by first
calculating the magnitudes

|aaa×bbb|=
√

2, |aaa|=
√

3, |bbb|=
√

2. (2.60)

Hence,

sinθ =
|aaa×bbb|
|aaa||bbb| =

√
2√

3
√

2
=

1√
3

, (2.61)

so θ = 35.3◦.

EXAMPLE 2.5. Suppose we have two vectors in the x-y plane of a three-dimensional
space: aaa = a1 iii+a2 jjj and bbb = b1 iii+b2 jjj. The cross product of these vectors is cal-
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culated by using (2.55):

aaa×bbb =

��������

iii jjj kkk

a1 a2 0

b1 b2 0

��������
= (a1b2 −a2b1)kkk (2.62)

which is a vector along the z-direction. Consider the cross product aaa×bbb of each
of the following pairs of vectors:

In (a), the resultant vector points out of the paper, according to the right-hand rule.
Since the right-hand rule is taken in the direction of the smaller angle between the
two vectors, the directions of the resultant vectors in (b) and (c) are into the page.
Finally, in (d), the direction is again out of the page.

The cross product has the following properties and consequences:

1. The cross product of two vectors is a vector that lies perpendicular to the
plane of the vectors and whose direction is determined by the right-hand
rule. The magnitude of the cross product corresponds to the area of a paral-
lelogram that is defined by the smaller angle between the vectors.

2. The order of the factors in a cross product is important because, according
to (2.55),

aaa×bbb =−bbb×aaa . (2.63)

3. For three vectors aaa, bbb and ccc and scalars u and v, (2.55) implies that

aaa×(ubbb+ vccc) = u(aaa×bbb)+ v(aaa×ccc) . (2.64)

There is an analogous relation for (uaaa+ vbbb)×ccc, so the cross product is
linear in each argument.

4. For any vector aaa, aaa×aaa = 0, as follows from (2.55). The geometric inter-
pretation of this property is that parallel vectors with a common origin do
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not define an area. Thus, if a vector aaa is resolved into perpendicular aaa⊥ and
parallel aaa� components with respect to another vector bbb,

(aaa�+aaa⊥)×bbb = aaa⊥×bbb , (2.65)

that is, the parallel component makes no contribution.

5. The definition of the cross product based on the right-handed rule yields the
following cross products between the unit vectors iii, jjj, and kkk:

iii× jjj =− jjj×iii = kkk ,

jjj×kkk =−kkk× jjj = iii , (2.66)

kkk×iii =−iii×kkk = jjj .

The orientation of these unit vectors form a right-handed coordinate system.
This is the standard coordinate system used in textbooks.

2.3 Summary
This chapter described the various types of binary operation between vectors. The
main results are:

• The multiplication of a vector by a scalar in (2.1).

• The addition and subtraction of vectors in (2.9).

• The (scalar) dot product, which is used to determine the angle between two
vectors, as given in (2.23).

• For two non-zero vectors, a vanishing dot product means that the vectors
are orthogonal, that is, perpendicular to one another.

• The (vector) cross product to determine the normal to the plane of two vec-
tors, as given by (2.55), which includes the right-hand rule.

• The magnitude of the cross product of two vectors in (2.58) has the geomet-
rical interpretation of the area of the parallelogram whose sides coincide
with the two vectors.
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Appendix: The Law of Cosines
The law of cosines is a standard result of plane geometry that generalizes Pythago-
ras’ theorem to triangles without right angles. The proof is based on the construc-
tion below:

We begin by using Pythagoras’ theorem for the two indicated right triangles:

(AB)2 = (AB�)2 +(BB�)2 , (BC)2 = (B�C)2 +(BB�)2 . (2.67)

from which we obtain

(AB)2 +(BC)2 = (AB�)2 +(B�C)2 +2(BB�)2 . (2.68)

By observing that

B�C = AC−AB� , AB� = ABcosα , BB� = ABsinα , (2.69)

(2.68) becomes

(AB)2 +(BC)2 = (AB)2 cos2 α +(AC−ABcosα)2 +2(AB)2 sin2 α

= (AB)2 cos2 α +(AC)2 −2(AB)(AC)cosα

+(AB)2 cos2 α +2(AB)2 sin2 α

= 2(AB)2 +(AC)2 −2(AB)(AC)cosα . (2.70)

After a simple rearrangement, we obtain

(BC)2 = (AB)2 +(AC)2 −2(AB)(AC)cosα , (2.71)

which is the law of cosines.
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