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An atom of copper (Cu) contains 29 protons and 29 electrons. The most abundant isotope of
copper also contains 34 neutrons, however neutrons will play no part in this course; in fact we will
pay little attention to protons either, since this is a course all about electrons. Electronics makes
use of our ability to control the motion of electrons, providing us with the ability to transfer energy
and information over distance scales from the sub-micron (e.g. within an integrated circuit) to the
country-wide (e.g. the National Grid).

Lecture 1 Ohm’s Law

Topics:
Charge, electric field, electrical potential, potential difference, conduction in
metals, conventional current, resistance.

1.1 Charge

Charge is a fundamental property of the electron and proton which manifests itself as a force on
the particle when it is exposed to an electric field. The magnitude of the electron and proton charge
is e = 1.6×10−19C; the electron charge is defined to be negative and the proton charge positive
therefore overall our copper atom is electrically neutral. The unit of charge is the coulomb (symbol
C) which is an SI derived unit.

Coulomb’s Law

Consider a charge Q at the origin and a second charge q located at a distance r along the positive
x axis. Assuming Q and q are like charges, q will experience a force

~F =
1

4πε0

Qq

r2
î

and according to Newton’s laws, Q will experience a force −~F . Clearly, like a compressed spring,
this arrangement is storing energy. If the charges are unlike, the forces act to pull the charges
together (like a stretched spring).
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Current

The coulomb is a SI derived unit. The relevant SI base unit for our studies is the ampere (or ’amp’,
symbol A) which is a measure of current. The coulomb is derived from the amp as follows:

One coulomb is the amount of charge transported by a constant current of one
amp flowing for one second. Hence 1 C = 1 As.

Current is ’rate of flow of charge’ such that

I =
dq

dt

where I is the current in amps. If we observe a point on a wire, and find that 1 C flows past that
point each second, then the current is 1 A.

1.2 Electric Field

It is convenient to define a quantity called the electric field ~E such that

~F = ~Eq (1)

Equation 1 defines the electric field, and ~E is the field produced by Q at the location of q. In
general, ~E is a vector-field; it exists over all space and has both magnitude and direction. If we
imagine making q infinitesimally small, such that it does not perturb Q, we could move q around,
use it to measure the force, and we would build up a ’map’ of the electric field which is represented
by the equation

~E =
1

4πε0

Q

r2
r̂

For a point charge Q, the field strength is inversely proportional to distance and always points
radially. This can be represented graphically by field lines where the arrow indicates the direction of
the force on a charge (assumed to be positive) and the density of field-lines represents the strength
of the field (magnitude of ~E).

1.3 Electrical Potential

To move q closer to Q requires an external agent to exert a force −~F and over a distance ~dr this
agent would do work

dU = −~F . ~dr
We can find the energy stored in this arrangement by assuming the agent pushes q from a distance
∞ to r

U =
−Qq
4πε0

∫ r

∞

dx

x2
=

1

4πε0

Qq

r

It will be convenient to define the electric potential

V =
U

q
=

1

4πε0

Q

r
(2)

Electric potential is the energy-per-charge, in units of joules per coulomb, and
is the energy required to bring a unit charge from infinity to r . The unit of
electrical potential is the volt

1 V = 1 J/C
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The volt is another SI derived unit and involves resistance for its definition, so we will return to this
later. Before leaving this section it is important to note that the strength of the electric field is
related to the spatial gradient of the electric potential

E = −
dV

dr
(3)

We can conclude:

• A positive charge will experience a force tending to move it from a higher
electric potential to a lower electric potential.

• An external agent would have to do work on the charge to make it go
from lower to higher potential

Gravitational Analogy

This situation is exactly analogous to a mass in a gravitational field. To raise a mass m by a height
h requires us to do some work mgh. Unless held in place, the mass will naturally act so as to reduce
its gravitational potential energy. Here, we assume that the gravitational field is uniform over the
distance h so we don’t have to do any integration. Uniform electric fields will be quite common
on electronics, so the simple gravitational analogy can be useful in the understanding of electrical
circuits.

A complication is that electric charges can be both positive and negative. So we can also write

• A negative charge will naturally tend to move from a lower electric poten-
tial to a higher electric potential

• An external agent would have to do work on the charge to make it go
from higher to lower potential

Distributed Charges and the Principle of Superposition

In the preceding discussion we considered point charges but a real conductor (such as copper wire)
will contain very many charges. Like gravity acting on mass, the electric field of every charge acts
on every other charge, and we can use the principle of superposition to find the overall field due
to an assembly of charges. It’s convenient to use the charge density σ which is the charge per unit
area, and a conceptual example which will be useful for electronics is the field due to an infinite
’sheet’ of charge.

Field of an Infinite Sheet of Charge

Without going into the details, which you will cover in the E&M course, the electric field anywhere
due to an infinite current sheet is

E =
σ

2ε0
(4)

The direction of E is everywhere perpendicular to the plane of the sheet. E doesn’t depend on the
distance from the sheet! Now consider two parallel sheets with a certain distance between them.
One sheet carries a positive charge density +σ and the other is negatively charge −σ. The overall
electric field in-between is

E = E1 + E2 =
σ

ε0
(5)
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because both sheets act to pull a charge in the same direction. This field is again constant. Outside
the sheets, the fields act in opposite directions and so cancel each other out and the net field is
zero

E = 0

Another way of thinking about this is to consider that, at some distance from the sheets, the net
charge is zero. These rather surprising results need Gauss’s theorem to fully explain, and since this
is the highlight of the E&M course we won’t spoil that by going into this in any detail, but the
relevance for electronics is this:

• A capacitor is approximated by two charged plates with a distance between them.

• The field between the plates of a capacitor is constant.

• The field outside the capacitor is zero.

1.4 Potential Difference

In figure 1 two conducting plates with equal and opposite charges are separated by a distance d .
Let’s assume there’s a vacuum between the plates. Clearly, due to the attractive force between
plates and the distance between them, some work has been done to set up this arrangement, and
hence the system is holding some potential energy U. One of the positive charges +q is allowed
to fall from a to b. We’ll assume that q is such a small test charge that it doesn’t affect the overall
field. Clearly, however, the system has lost some energy. The work done by the electric force is

W =

∫ b

a

q ~E. ~dy = qEd

W will be a positive quantity and

∆U = Uab = Ua − Ub = W

where Ua is the system’s energy at a, Ub at b, and Uab means the difference in electrical potential
energy between q at a and q at b.

To move the charge from b back to a, some external agent would have to do an amount of work
W to increase the system’s energy

Figure 1: A Positive Charge moving between Two Charged Plates
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Conservative Field

It’s worth pointing out that the electric field is conservative so it doesn’t matter what path the
charge takes to get from b to a. Work is only done against the component of the force parallel to
the direction of travel. We can write this as

Uba = −Uab

Gravitational Analogy

Again, this is quite analogous to a mass m in a uniform gravitational field g. Potential energy
gained by raising the mass through height d (by some external agent) would be returned by the
gravitational force as the mass falls back to y = 0.

Electrical Potential Difference

Recalling from section 1.3 that electrical potential is the potential energy per unit charge we can
write that the electrical potential difference is

Vab = Va − Vb =
Ua − Ub

q
=
W

q

Va is the electrical potential at point a; this depends on where we define the zero of electrical
potential to be, so it is usually more convenient to work with the electrical potential difference Vab.
To summarise

• Vab is the work done by the electric force when unit-charge moves from a
to b.

• Vab is also the amount of work an external agent would have to do to
move a unit-charge from b to a.

• Vab is the difference in electrical potential between points a and b.

Voltage

Electrical potential (an absolute quantity) and electrical potential difference (a relative quantity)
are well-defined. However, in electronics, we will typically use the term voltage. Unfortunately,
voltage is more loosely-defined and can often refer to either the electric potential at a point in a
circuit or the electrical potential difference between two points. This usage is so common that it is
impossible to avoid and we just have to get used to it. So long as we understand the context, this
will not cause any problems.

Voltage is synonymous with electrical potential difference. One joule is the
energy required to move one coulomb of charge through an electrical potential
difference of one volt.

1 V =
1 J

C

Thus, the voltage measured across the terminals of a component - say a resistor - is the energy
required to move one coulomb of charge through the resistor.

But what is the ’voltage’ at either of the resistor’s terminals? It depends on how we define the
’zero’ of electrical potential. In section 1.3 we saw that point charges have zero potential when
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they are infinitely separated. This is simply a matter of definition, and for electronics we will define
a point in our circuit to be the zero of electrical potential and this point is called the ground.

Ground is the zero of electrical potential. When a voltage is measured a across
a component as Vab = Va− Vb then this is a measure of the potential difference
between a and b. When a ’voltage’ is given at a point a then in practice this is
the difference between the potential at a and ground, i.e. Va ≡ Va − 0.

In this way, the use of the term voltage is acceptable and self-consistent, but it requires a firm-
understanding of the circuit’s ground potential. We will look into this in more detail in Lecture
2.

1.5 Conduction in Metals

The atoms in a copper wire have a regular arrangement known as face-centred cubic. This can
be visualised as a copper atom at each corner of a cube, plus one at the centre of each face (it’s
worth sketching this). The distance between corners of the cube is just 0.361 nm. Each copper
atom has 29 electrons arranged in orbits or shells; the first 28 electrons occupy complete shells and
are strongly-bound to the nucleus. The outermost ’valence’ electron is not so strongly-bound (it is
shielded from the nucleus by all the other electrons). In copper, the atoms are so close together that
the outer valence orbits overlap and so the valence electrons are not strictly bound to an individual
atom and are able to wander freely within the solid. We can think of this as a rigidly-bound structure
of positive ions infused with a highly-mobile ’liquid’ of electrons. Electrical current can be thought
of as a fluid-like flow of negative electronic charge, rather like water through a pipe. Note that, like
an individual copper atom, this piece of copper wire is electrically neutral since there are an equal
number of positive and negative charges. Coulomb forces prevent the electrons from ’bunching-up’,
since they all repel each-other and try to find an equilibrium where they are all, on-average, equally
spaced. Conceptually, we can imagine introducing an additional electron into the left side of a
coper wire. Coulomb interactions spread at something like 2/3 the speed of light from left to right,
forcing one electron out of the right-hand side. On a larger scale, electrons moving from left to
right constitute a current.

It is important to remember that, even as a current flows, the copper remains overall electrically
neutral; there are as many copper ions as electrons.

1.6 Conventional Current

Current is rate of flow of charge. Looking at the right-hand end of the wire, we could measure the
electrons emerging per second, multiply by e and we would have the electron current. It’s important
to note that the positive charges (the atoms minus one electron) are always stationary. However,
it is a convention in electronics to think of current as a flow of positive charge. Here, this would be
equal and opposite to the electronic current. An electronic current flowing left-to-right is exactly
the same as a conventional current of the same magnitude flowing right-to-left.

While this may seem confusing, the use of conventional current is ubiquitous in
electronics and we have to remember that currents in electronics are taken to
be positive charges flowing from higher to lower electric potentials. Rarely, you
may need to think about what the electrons are actually doing, and always it is
the opposite direction to conventional current.
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It is conventional to use the letter I to represent current and q for charge so we can write

I =
dq

dt

The Ampère

When one coulomb of charge flows past a point in one second then the current is one amp

1 A = 1 C/s

however as mentioned previously, charge is not a base SI unit but current is and it’s definition is
based on the force associated with the magnetic field generated by moving charges.

One amp is the current that will produce an attractive force of 2×10−7 newtons,
per metre of length, between two straight, parallel conductors of infinite length.

Drift Speed

Consider a short section of wire with length dL, cross-sectional area A, made from a metal where
the conduction electron density is n, and carrying a steady current I. The conduction electron
charge in this piece of wire is dq = nAdLe and assuming it moves left to right at an average speed
vd then the time taken for all this charge to leave the volume is dt = dL/vd . Using I = dq/dt we
can re-arrange to get

vd =
I

nAe
(6)

Since a good conductor has a very large value for n, the drift speed is typically of the order mm/s or
less. Note that this represents an electron current moving left-to-right but we would more properly
describe this as a positive conventional current I moving right-to-left.

Sense of the Current Measurement

Since current must flow through a conductor we would allow it to flow through an ammeter to
measure it. Breaking the wire and inserting the ammeter into the circuit such that a positive
conventional current I flows into the red terminal and out of the black terminal will result in a
positive reading on the meter. If we were to reverse the sense of the meter’s terminals then it
would display a value −I. This is of course just another convention and the meter’s terminals are
colour coded so we know what’s what.

It’s important to note that a positive conventional current flowing right-to-left
is the the same as a negative conventional current flowing left-to-right.

1.7 Resistance

This picture of conduction ignores the fact that our electronics is typically operated at room tem-
perature which means that the ionic-lattice and the electrons have a random thermal motion. For
the highly mobile electrons, this can be something like 106m/s, which is about ten orders of mag-
nitude greater than the drift speed. We have to think of the drift speed as being an extremely
slow movement of the average position of the electrons. In an ideal conductor the electrons would
flow with no hindrance but in practice they keep bumping into the atomic ions (also in random
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thermal motion about their lattice location). Each time an electron impacts an ion it shares some
of it’s small extra energy; the electron slows down and the ion heats up. This means that, in order
to maintain a constant current, we need to keep putting energy into the system. This we do by
maintaining an electrical potential difference across the conductor such that the electrons always
feel some small acceleration to maintain the average drift speed.

The drift speed of electrons is analogous to the terminal velocity of an object falling in air. The
object experiences a constant force due to gravity, but this is balanced by an equal and opposite
force due to the air-drag. The object loses potential energy without gaining kinetic energy, since
energy is dissipated as heat.

Ohm’s Law

This rather simplified conceptual representation gives rise to the idea of resistance of a conductor
as being the voltage necessary to maintain a current of 1 A.

R =
V

I

The unit of resistance is the ohm (Ω). Put another way, as volts have the same dimensions as
joules per coulomb, a wire with a resistance 1 Ω carrying a current of 1 A requires a continuous
energy input of 1 J per second (or 1 W). This results in heating of the conductor.

Current Density

Returning to our idea of a wire with cross-sectional area A we can make an alternative statement of
ohm’s law by defining the current density J as being the current per unit area at any point inside
the conductor.

J =
I

A
= nvde (7)

Formally, ohm’s law states that J ∝ E, the electric field inside the conductor. The constant
of proportionality is the conductivity but it’s more usual to use it’s inverse ρ such that in this
formulation, ohm’s law becomes

J =
E

ρ
(8)

Resistivity

ρ is the resistivity of the conductor and has units of Ω m. By the description of resistance given
here, it is clear that resistivity will be a function of temperature as increasing the thermal motion of
the ionic lattice will further impede electron flow. This is modelled as being linear for practical tem-
peratures encountered in real-world electronics and we can write that the resistivity at temperature
T is given by

ρ(T ) = ρ0[1 + α(T − T0)] (9)

where ρ0 is the resistivity at T0 (typically 20 ◦C) and α is the dimensionless temperature coefficient.
Table 1 gives some values.

Note that carbon, a non-metal, has a negative temperature coefficient since heating releases addi-
tional conduction electrons.

Finally, using E = Jρ gives
V

L
=
Iρ

A
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Table 1: Resistivities of Conductors

Conductor ρ0 (Ωm) at 20 ◦C α

Copper 1.7× 10−8 4.0× 10−3

Aluminium 2.7× 10−8 3.9× 10−3

Tungsten 5.6× 10−8 4.5× 10−3

Carbon 7.8× 10−6 −5× 10−4

and hence resistance

R =
V

I
=
ρL

A
(10)

For context, a 60 W mains bulb has a thin coiled tungsten element with a resistance (at operating
temperature) of about 960 Ω while 100 m of copper cable used in lighting circuits has a resistance of
only half an ohm. Usually, the wire used in electrical circuits is assumed to have negligible resistance
when solving circuit problems. Resistors are mostly made by depositing a thin film of carbon on
the outside of an insulating cylinder, between two metals leads. They are available in values from
a few ohms up to tens of MΩ.

Further Reading

Sears and Zemansky’s University Physics (Young and Freedman) is a good reference text for a
more in-depth treatment of these foundation topics. The relevant chapters are:

Chapter 21 : Electric Charge and Electric Field

Chapter 23 : Electric Potential

Chapter 25 : Current, Resistance and Electromotive Force
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Lecture 2 Circuit Theory

Topics:
Electromotive force (EMF), ideal voltage sources, ideal circuits, ground poten-
tial, power, equivalent resistance, Kirchhoffs laws, current sources, principle of
superposition, ideal meters.

The idea that maintaining a constant current in a resistive conductor requires a continuous input
of energy raises the question of the energy source.

2.1 Electromotive Force

In electronics, that source is called the Electromotive Force or EMF, symbol E . EMF causes
charge to flow, and an important point is that charge is a conserved quantity.

Conservation of Charge

When we construct a circuit we have a fixed number of conduction electrons which we can cause
to move round in loops when current flows. The circuit neither makes nor destroys charge, it just
moves it round the loop. Remember that the circuit remains overall neutral.

Water Flow Analogy

Consider a pump raising water to a height, which then flows back down through a narrow constriction
before going back into the bottom of the pump. The PE gained by being raised through the pump
is lost as heat through the constriction. Without the constriction, there would be nothing to limit
the flow-rate. The equivalence is given in table 2.

Table 2: Water Flow Analogy

Water Electrical

Mass (kg) Charge (C)
Flow rate (kg/s) Current (A = C/s)

PE per mass (J/kg) Electrical potential (V = J/C)
PE difference per mass (J/kg) Potential Difference (V = J/C)

Resistance (Js/kg2) Resistance (Ω = V/I = Js/C2)

Clearly, the pump requires some effort to drive, and the work done by the pump results in heating of
the resistance. The water flows round the loop, is neither created nor destroyed, and simply serves
as a medium for moving energy from the pump to the resistance.

2.2 Ideal Voltage Source

In the electrical case, the source of EMF is called the voltage source. Note: EMF is not actually a
force as it has units of volts! A voltage source of E volts will do E joules of work for each coulomb
of charge it drives through its terminals. The voltage source is like a pump for charge. The ideal
voltage source has zero resistance and simply acts to raise the electrical potential of charge passing
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through it. The EMF it produces is fixed and independent of any resistance connected to it, so the
ideal voltage source can provide any current from zero to ∞.

The Battery

An AA battery (strictly speaking an individual cell, as a battery is a series of cells connected
together) has an EMF E = 1.5 V. The battery stores energy is chemical form and releases it into
electrical form as charge passes through. Each coulomb of charge passing through results in 1.5
J being converted from chemical to electrical form. E is determined by the chemistry of the cell,
with different types having different EMF (for example, a NiCd rechargeable cell only generates 1.2
V). The battery is quite a good approximation to an ideal voltage source, and we’ll look at the
deviations later.

Direct Current

DC stands for direct current which refers to a constant, non time-varying current I. Often we talk
about a ’DC voltage source’ by extension, which is a source with a fixed EMF. By convention, DC
quantities are often (not always) given as upper-case variables e.g. I, E or V , while time-varying
quantities are represented by lower-case variables e.g. I = dq/dt for a constant current or i(t) if
time-varying.

For the rest of this section, and then next, we’ll be considering DC Circuits for simplicity, but it’s
important to note that all of the principles introduced can also be applied to time-varying circuits,
also described as AC circuits (for Alternating Current) which will be covered in depth later in the
course.

2.3 Ideal Circuit

The properties of the ideal circuit are illustrated in figure 2.

Ideal voltage source of EMF E with zero resistance and an everlasting supply of energy.

Ideal resistor R which is fixed in value and doesn’t vary with temperature (α = 0).

Ideal wires with zero resistance such that Vac = 0 and Vbd = 0.

Ground establishes the zero of electrical potential.

With these properties we can derive

• Vab, measured with a voltmeter (red terminal at a, black terminal at b), would read E volts
electrical potential difference.

• Vcd , measured with a voltmeter (red terminal at c , black terminal at d), would read E volts
electrical potential difference.

• Vdc , measured with a voltmeter (red terminal at d , black terminal at c), would read −E volts
electrical potential difference.

• Vb = Vd = 0 volts electrical potential, by definition of ground potential.

• Va = Vc = E volts electrical potential.

• I = E/R. The current is the same everywhere in the circuit.
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Figure 2: Ideal Circuit

2.4 Ground Potential

No current flows into the ground connection. It is simply there to establish the zero of electrical
potential.

A ground connection is not essential - for example a torch has no ground connection - but it allows
us to know that, by definition, the electrical potential at point b is zero volts. We therefore know
that the electrical potential is at point a is E . If we removed the ground, the circuit would still
work, and like a torch or a mobile phone we would know there are potential differences across
components, but we would know nothing about the absolute value of potential.

In practice, a circuit’s ground is connected via the ground-pin of a mains plug to a spike in the real,
physical ground somewhere below the building, and hence what we call ground potential is the
potential of planet earth. We choose to define planet earth as the zero of electrical potential, for
convenience.

2.5 Power

As introduced in section 1.7, an important result of Ohm’s law is that it requires a source of energy
to drive a current through a resistance, and as a result we observe a difference in potential across
the resistance. In our ideal circuit, the source of energy is the EMF of the voltage-source, which
provides the power to pump current round the circuit.

Energy is Conserved

Consider a charge +q at b. It has zero potential energy, by definition (this point is grounded). As
it moves to a it gains a PE of Eq. It has the same PE at c , which it loses as heat into R as it falls
to d . Importantly, the charge gains no net energy as it passes round the loop, otherwise we would
have created an unlimited source of power, and we would be able to retire; pausing only to collect
our Nobel prize. Overall, the system conserves energy, as well as charge.
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Power in DC Circuits

In time t a charge q = It has passed through the battery and energy Eq = EIt has been converted
to electrical form.

Per second, this is a power
P = EI

Whenever a charge flows through a difference in potential there is a change in
energy. The power is always the potential difference times the current. The
voltage source delivers energy into the circuit by converting chemical energy
into electrical energy; the resistor removes electrical energy from the circuit
and converts it into heat.

By conservation of energy, the power dissipated in the resistor is the same, which we might write
as

PR = EI = Vcd I = VRI =
V 2R
R

Sense of the Voltage

Here VR is short for the ’voltage’ (electrical potential difference) across the resistor, and we make
the assumption that we measure the ’voltage’ in the sense from point b towards the side of the
resistor with the lower potential. It’s common to see an arrow drawn on a diagram with the arrow
indicating the sense of the measurement. We would connect the red terminal of a meter to the
head of the arrow. By convention:

VR = Vcd

As shown in figure 2, VR will be positive. Were we to draw the arrow pointing the other way, then
we would measure Vdc , which would be negative.

2.6 Equivalent Resistance

Resistors in parallel or series combine to form an ’equivalent’ resistance.

Resistors in Series

If we have R1 and R2 in series then and the voltage across them is E then the same current must
pass through them both.

IR1 = IR2

This leads to the general case that the equivalent resistance of series resistors is

Req = R1 + R2 + ...

The overall resistance will always increase, since the current has to pass through a greater quantity
of ’resistive’ material.
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Resistors in Parallel

If R1 and R2 were to be in parallel then each would have the same voltage across them

VR1 = VR2

The total current must go up compared to a single resistor on its own. This leads to the general
case that the equivalent resistance of parallel resistors is

1

Req
=

1

R1
+

1

R2
+ ...

The overall resistance will always reduce.

For the situation shown in figure 3,

Req =

[
1

R1 + R2
+

1

R3

]−1

Figure 3: Resistors in Series and Parallel

2.7 Kirchhoff’s Laws

Two laws follow from conservation of energy and charge and are very useful in solving circuit
problems.

Kirchhoff’s Voltage Law

Conservation of energy requires that there is no net energy gain around any loop of a circuit.
Formally, around any loop,

ΣV = 0 (11)

This is more easily remembered as

Around any circuit loop, the sum of the potential gains due to EMFs must equal
the sum of the potential drops across the components.
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We have to be very careful about the sense of the measurements. Imagine working clockwise around
the left-side loop in figure 3. Sitting in the centre, with a meter (black lead in left hand, red in right)
we would measure a positive EMF E across the source and rotating clockwise we’d measure the
voltages across the resistors as negative quantities. The chosen sense of our measurement reverses
the arrows.

E − VR1 − VR2 = 0

Or, in the ’easier form’,
E = VR1 + VR2

Kirchhoff’s Current Law

Conservation of charge requires that charge never collects at any point in a circuit and thus the
sum of currents into the point must be zero

ΣI = 0 (12)

This is particularly useful at junctions where we can write

At any junction, the sum of currents into the junction must be equal to the sum
of the currents leaving.

In figure 3, at junction c
I = Ia + Ib

also at d
Ia + Ib = I

Voltage and Current Dividers

Series and parallel resistances are so useful that the ’divider’ rules are worth remembering. These
can easily be derived from Kirchhoff’s and Ohm’s laws, and you should check you can do this.

The voltage divider rule is

VR2 =
ER2

R1 + R2
(13)

The current divider rule is

Ia =
IR3

R1 + R2 + R3
(14)

or

Ib =
I(R1 + R2)

R1 + R2 + R3

2.8 Current Source

The voltage source of section 2.2 produces an EMF and we can understand this in terms of a simple
chemical source like a battery. A current source is also useful in circuit design but unfortunately no
simple example exists and a real current source needs quite complicated electronics. The concept
of the ideal current source is shown in figure 4. The source produces a constant current I which
is fixed and independent of any resistor to which it is connected. The ideal current source can
therefore produce any voltage across its terminals from zero to ∞. It’s equivalent resistance tends
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to ∞. This means that if we ’switch off’ the source then it looks like a break in the circuit (often
called an open circuit). For figure 4

VR = IR

While it’s intuitively right that a voltage source like a battery has (ideally) no resistance it’s not
so simple to understand why a current source has (ideally) infinite resistance. One example of a
current source is the van de Graaff generator, which works by moving charge on an insulating belt
from the bottom to the top. The sphere at the top charges to whatever voltage is necessary in
order to force the charge to flow through air in the form of a spark. (If we connected the sphere
to ground through a resistor then we wouldn’t get a spark). The current is carried by the belt, and
it should be clear that if we switch the generator off and measure the resistance of the belt with
an ohm-meter then we would get an almost arbitrarily high reading. Putting this the other way
around, if the belt wasn’t insulating, it wouldn’t be possible to use it to move charge from ground
to a higher potential. So, a high resistance is essential in order for a current source to work.

Figure 4: Ideal Current Source

2.9 The Superposition Principle

It’s quite common to encounter circuits with multiple sources of EMF, for example when we use
several batteries in series or parallel. Circuits with both voltage and current sources are also possible.
Ohm’s law gives a linear relation between voltage and current, so we can use the principle of
superposition to analyse these circuits.

Superposition

Superposition allows us to consider the effect of each source independently, then get the overall
effect by summation. The principle can be summarised as

For each source in turn, replace all other sources by their circuit equivalent, and
calculate the behaviour due to the remaining source. The overall behaviour is
then the summation of the individual behaviours.
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Circuit Equivalent

Circuit equivalent means removing the effect of the source without otherwise changing the circuit
topology. This is equivalent to ’switching-off’ the source and replacing it with it’s circuit equivalent.

Voltage Source E = 0 and resistance R = 0 (the source ’looks like’ a short-circuit).

Current Source I = 0 and resistance R→∞ (the source ’looks like’ a open-circuit).

2.10 Measuring Voltage and Current

Without going into the practical details of how volt-meters and ammeters work, it will be useful to
define the properties of the ideal meter which doesn’t interfere in any way with the quantity being
measured.

Ideal Voltmeter

The ideal voltmeter would be connected in parallel across a resistor in order to measure the ’voltage’
(electrical potential difference) across it. So as not to disturb the measurement, the ideal meter has
infinite resistance (recall parallel resistances), which means it draws no current into it’s terminals.

Ideal Ammeter

The ideal ammeter would be connected in series in a circuit in order to measure the current through
that point. So as not to disturb the measurement, the ideal meter has zero resistance (recall series
resistances), which means it drops no potential difference across it’s terminals.

Like real sources, real meters have finite resistances, and we will come back to this in the next part
of the course.

Further Reading

The relevant chapters in Sears and Zemansky’s University Physics (Young and Freedman) are :

Chapter 25 : Current, Resistance and Electromotive Force

Chapter 26 : Direct Current Circuits
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Lecture 3 Equivalent Circuits

Topics:
Internal resistance, real voltage sources, loading, maximum power theorem,
Thévenin equivalent circuit, Norton equivalent circuit.

3.1 Internal Resistance

While a battery is quite a good voltage source, there are some real-world imperfections that give
rise to internal resistance. This includes the finite resistance of the materials used to make the
contacts on the ends plus effects due to the chemistry of the battery that manifest themselves as
equivalent to resistance. This means that a ’real-world’ voltage source such as a battery is best
modelled as an ideal voltage source with EMF E in series with a resistance r (figure 5).

3.2 Real Voltage Source

The reality of the battery is much more complicated, but figure 5 does a very good job of modelling
the behaviour. Note that we don’t see the internal resistance, we just see the two external terminals
of the device. The implications are that the battery only delivers the full EMF E when measured

Figure 5: Equivalent Circuit for a ’real-world’ voltage source such as a battery

with an ideal meter, such that no current is drawn and hence the voltage drop across r is zero.

3.3 Loading

For all practical purposes, connecting any real device or resistor (such as a bulb) to the battery puts
a resistance in series with r and results in a voltage drop over r . If we connect a load resistor RL
across the output then the voltage across the load, using the voltage divider formula, is

VL =
ERL
r + RL

Equivalently,
VL = E − Ir

The reduction in output voltage depends on the relative values of the resistances and clearly it’s
best if the internal resistance is small.
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This effect is known as loading; whenever a real-world voltage-source is con-
nected to some device which causes it to supply current then the actual volt-
age observed across the terminals will be reduced and the source is said to be
’loaded’.

Any source of EMF can be described as a voltage source, so this includes not only batteries but
also signal generators, lab power-supplies, sensors with a voltage output, dynamos etc.

Real Current Source

Though we won’t go into this in any detail, the real current source looks like an ideal current source
in parallel with a resistance r . We would hope that r is high. A real-world current-source will also be
loaded when a load resistance is connected to it since r will appear in parallel with RL and therefore
the observed current will be reduced. It’s worth sketching the circuit for a loaded current-source to
check this.

Efficiency

Current through the internal resistance means that there is some power dissipated in the battery.
If we define efficiency as the power developed in the load divided by the total power in the circuit
(which is the chemical energy converted to electrical energy per second) then the efficiency is

η =
PL
P

=
V 2L /RL

E2/(r + RL)
=

RL
r + RL

(15)

Efficiency is never 100% since any real world source has some internal resistance.

3.4 The Maximum Power Theorem

If we have a source with a fixed internal resistance then its interesting to find the value of RL
for which the power is maximised. This can be done by differentiating PL with respect to RL and
finding the maximum, which turns out to be for

RL = r

This surprising result is called the maximum power theorem. Efficiency is only 50%, but if our
load is a bulb then the brightest it can be is if the bulb resistance equals the internal resistance. We
have to accept that half the power will be wasted inside the battery as heat. An equivalent theorem
crops up across many fields of study from acoustics and optics to the physics of heat transfer.

3.5 Thévenin’s Theorem

The ’model’ of a battery in figure 5 is an example of a Thévenin equivalent circuit. Such equivalent
circuits are useful since they provide a simple representation of a real device or circuit, and they
aid understanding of how the device will behave when, for example, an external load is connected.
Thévenin’s Theorem may be summarised as

Any two-terminal network of sources and resistances can be represented by a
single voltage source VTh in series with a single resistance RTh.
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Figure 6: Circuit (top) and its Thévenin Equivalent (bottom)

In figure 6, the two circuits are exactly equivalent; if they were inside ’black-boxes’, with only the
terminals showing, there’s nothing we could do to test which is which. To find the equivalent circuit,
we need to perform two measurements (or calculations) on the original circuit:

1. Find the open-circuit voltage VOC across terminals a and b, equivalent to ’measuring’ with
an ideal volt-meter which draws no current.

2. Find the short-circuit current ISC , which we get by ’measuring’ the current drawn with an
ideal ammeter connected across a to b.

The Thévenin voltage is then
VTh = VOC

and the Thévenin resistance is

RTh =
VOC
ISC

Thévenin circuits are useful ways of representing the outputs of real-world sources such as batteries,
signal-generators and sensors. For context, an AA battery looks like a 1.5 V source in series with a
0.25 Ω resistor, while a lab signal generator has an output resistance RTh = 600 Ω.

3.6 Norton’s Theorem

Though we won’t study this in detail, it’s useful to know that there is an alternative representation
for any source as an (ideal) current source INo in parallel with a resistance RNo . Any Thévenin
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circuit can be converted into a Norton equivalent. The description of the ’real current source’, in
section 3.3, is a Norton equivalent representation.

The equivalence between Thévenin and Norton representations is given below.

RNo = RTh

INo =
VTh
RTh

Consequently, it’s easy to switch between Thévenin and Norton representations for any source. The
equivalence between the two is illustrated in figure 7; in this figure, the dashed box illustrates how,
from the point of view of a two-terminal ’black-box’, both circuits are indistinguishable.

Figure 7: The Equivalence of Norton (left) and Thévenin (right) Circuits

Generally, it makes sense to represent a source with a low internal resistance (e.g. a battery) by its
Thévenin equivalent. A source with a high internal resistance (e.g. a lab current-source) is most
intuitively represented by a Norton equivalent.

LTSpice Exercises

From Blackboard, download the Python script MaxPower.py and the LTSpice
schematics MaxPowerThevenin.asc and MaxPowerNorton.asc

Figure 8 shows a ’real-world’ voltage source with EMF Vs and internal resistance Rs . Remember
that this is a Thévenin equivalent representation of the real source, which could be a battery such
as a PP3 (Vs = 9 V and Rs = 2 Ω). The voltage source is connected to a ’load’ resistor RL.

1. Show that the power in then load resistor is

PL =
V 2SRL

(Rs + RL)2

2. Show that dPL/dRL = 0 for Rs = RL
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Figure 8: Voltage source with internal resistance Rs connected to a load resistance RL

3. Show that the source delivers power

Ps =
V 2S

Rs + RL

4. Show that the efficiency is

η =
RL

Rs + RL

It is useful to visualise these as a function of RL. The python script simulates a PP3 battery
connected to a load resistance varying up to 20 Ω. The output should be similar to figure 9.
Experiment with different values for the EMF and resistances. Note how, as the efficiency η → 1,
the power wasted in the internal resistance → 0.

Figure 9: Voltage source with internal resistance Rs connected to a load resistance RL
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We can verify this result using LTSpice. The schematic MaxPowerThevenin.asc is setup with the
load resistance as a variable (shown as {R} on the schematic) and the text of the spice directive
.step param R .1 10 .1 tells the simulation to vary this parameter from 0.1 Ω to 10 Ω in steps
of 0.1 Ω. The .op directive evaluates the DC voltages and currents at each step. Investigate the
voltages and currents in the circuit, as a function of RL. Note that you can plot the power in any
component by holding down the ALT key while clicking the component.

1. Modify the component values to match your Python script and check that the results are
consistent.

2. Convert the Thévenin representation of the voltage source to a Norton equivalent and verify
that the behaviour is identical. The schematic MaxPowerNorton.asc is setup as a starting
point for this.

Further Reading

The relevant chapter in Sears and Zemansky’s University Physics is :

Chapter 26 : Direct Current Circuits

For a more general introduction from an electronics point of view, see also The Art of Electronics
(Horowitz and Hill):

Chapter 1 : Foundations
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