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E&M Tutorial Discussion Sheet 6

This problem addresses the following paradox: if magnetic forces do no work (Fm · dr = 0),
then what happens in a DC electric motor? Surely magnetic forces do work in spinning up
the rotor? By the end of this work sheet you should be able to give a good account of what
is going on. The diagrams below show the side view and plan view of a DC electric motor
consisting of a ` × d rigid current loop (called the ‘rotor’) free to rotate about its central axis
and driven by a current I.
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(a) Plan view (b) Side view

1. On a sketch of the two figures add force arrows indicating the magnetic forces acting.
ANSWER:

2. Show that the magnitude of the net torque on the loop is

Γ = BI`d cos θ .
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ANSWER: The force on the upper wire length (cf. P1 in Fig. (b)) is Iẑ × Bx̂` = IB`ŷ.
This exerts a torque

Γ1 =
d
2

(cos θx̂ + sin θŷ) × IB`ŷ =
d
2

cos θIB`ẑ .

Similarly, on the lower wire length (cf. P2 in Fig. (b))

Γ2 =
d
2

(− cos θx̂ − sin θŷ) × IB` (−ŷ) =
d
2

cos θIB`ẑ .

The total torque is therefore

Γ = Γ1 + Γ2 = d cos θIB`ẑ ,

i.e. the magnitude of the net torque is BI`d cos θ.

3. Show that the work done by Γ in turning the loop through dθ > 0 is

dW = BI`d cos θdθ .

ANSWER:
dW = |Γ| dθ = BI`d cos θdθ .

4. If ω = dθ/dt is the loop’s angular speed when inclined at angle θ, and v is the speed
of charge carriers along the wire, show that the velocity of charge carriers (assume
that the carriers are of charge q > 0) on the sections of wire of length ` is

v =
(
∓ω

d
2

sin θ,±ω
d
2

cos θ,±v
)

,
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where the upper (lower) sign refers to the upper (lower) length of wire.
ANSWER: The speed of the charges in both wire sections in the x − y plane is just
ωd/2, and the respective velocities are ωd/2(∓ sin θx̂ ± cos θŷ). The velocity of the
charges along each wire section is ±v ẑ. So the total velocity of the charges in the
two wire sections is

v = ∓ω
d
2

sin θx̂ ± ω
d
2

cos θŷ ± v ẑ .

5. Show that the respective magnetic forces on these wire sections is

Fm = nqa`B
(
0,±v,∓ω

d
2

cos θ
)

where a is the cross-sectional area of the wire.
ANSWER: Since B = Bx̂ then the force on a charge q is

Fm = qv × B = q

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

∓ωd
2 sin θ ±ωd

2 cos θ ±v
B 0 0

∣∣∣∣∣∣∣∣ = ±qvBŷ ∓ qωB
d
2

cos θẑ .

The force on the wire sections is just this times na` (the number of charges in each
section), so the total force on each section is

Fm = qv × B = ±nqa`B
(
vŷ ∓ ω

d
2

cos θẑ
)

.

6. Verify that no work is done by the magnetic forces.
ANSWER: The work done in time dt is given by

dW = Fm · vdt = 0 .

7. The wire has cross sectional area a and n charge carriers per unit volume. Show that
the total work done by the magnetic forces acting along the wire sections of length `
in time dt is given by

dW = −IBωd cos θ`dt .

[Note the meaning of ‘negative work’. The displacement of charges along the wire
is in the direction of their velocity along the wire. The magnetic force along the wire
is in the opposite direction. In order for the charges to be displaced in this opposite
direction some ‘push’ must be applied (cf. when a body is raised in a uniform gravita-
tional field, the work done by gravity is negative. Some upward force must be applied
to the body in order for this to happen.)]
ANSWER: On the upper section

dW1 = Fmz1dz = −(na`)qBω
d
2

cos θvdt = −I`Bω
d
2

cos θdt ,
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where na` is the total number of charges in the wire length, and we have used I =
nqva. On the lower section

dW2 = Fmz2dz = +(na`)qBω
d
2

cos θ(−vdt) = −I`Bω
d
2

cos θdt .

The total work done is therefore

dW = dW1 + dW2 = −I`Bωd cos θdt .

8. Show that this is precisely minus the work done by the torque calculated in Q.3
above.
ANSWER: After noting that ω = dθ/dt we obtain for dW above

dW = −I`B
dθ
dt

d cos θdt = −BI`d cos θdθ ,

which is precisely minus the work done by the magnetic torque calculated in Q.3.

9. If the charge carriers are maintained at speed v along the length of the wire, what
opposes the magnetic force Fmz that tends to slow them down?
ANSWER: The battery supplies the e.m.f. to maintain the current.

10. Ultimately, what is causing the rotor to speed up, magnetic forces, or electric forces
supplied by the battery?
ANSWER: The battery supplies the emf required to counter the tendency for the
charges in the `-wire sections to be slowed down. This push from the battery is
ultimately converted into rotational kinetic energy. The magnetic forces themselves
do no work (as we saw in Q.6).
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