
Vibrations and Waves (Nov-Dec 2017) Tutorial Question VnW3 (4–8/12/2017)

Vibrations and Waves – Tutorial Question VnW3
NOTE: This question is suggested as a possibility for tutorial work. Please do not
attempt it until your tutor tells you.

QUESTION 1 Most real travelling waves lose energy as they propagate through a medium—
a process known as attenuation. We can model attenuation on our stretched string by
imagining the string being immersed in a viscous oil. Then each segment of the string is
subject to a velocity-dependent damping force, just like we considered for damped SHM.

i) Assume the damping force on a small segment of string of length ∆z is Fdamp =
−βu∆z where u is the transverse velocity of the segment and β is the damping con-
stant per unit length. By considering the forces on the segment as we did in the
derivation of the wave equation for an ideal, undamped string, show that the new
damped wave equation is

∂2ψ

∂t2
= v2∂

2ψ

∂z2
− Γ∂ψ

∂t

where ψ is the transverse string displacement, v =
√

T/µ is the wave speed, T is the
tension, µ is the mass per unit length of the string, and Γ = β/µ.

ii) Show that ψ(z, t) = A exp[ i(ωt − kz)] is a solution and derive the the relationship
between k and ω (the “dispersion relation”) for the damped string.

iii) Hence show that the wavenumber is complex for the damped case. (You are not
required to evaluate k and you may assume ω is real.)

iv) Assume the wavenumber can be written as k = K − iκ where K and κ are real. Show
that this leads to a travelling wave with an exponentially decaying amplitude. What is
the physical interpretation?
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QUESTION 2

The electrical equivalent of a damped mass on a spring driven by an external force F(t) =
F0 cosωt is an LCR circuit with an A/C voltage source V (t) = V0 cosωt .

The equation of motion of this system is

L
d2q
dt2

+ R
dq
dt

+
q
C

= V0 cosωt

(i) Identify each of the parameters in this equation of motion with its equivalent parameter
in the mass-on-a-spring system.

(ii) Rearrange the equation of motion into the standard form and hence write down the
quantities for γ and ω0 in terms of the electrical parameters.

(iii) Show that in the steady state solution, the complex amplitude is

Ã =
(V0/L )

ω2
0 − ω2 + iωγ

Calculate the magnitude A and the phase φ of Ã .

(iv) The time-average power dissipated by the mechanical system when driven by an
external force F(t) = F0 cosωt is Pav = 1

2bω2A2 where A is the amplitude of the
oscillation. Without detailed calculation write down the equivalent formula for the time-
average power dissipated by the LCR system.

(v) Show that the maximum power dissipation Pav occurs at ω0 and show that this maxi-
mum value is V2

0 /(2R). Explain in physical terms why the average power increases as
R decreases in the electrical system and as b decreases in the mechanical system.

(vi) Find the driving frequencies ω1, ω2 (ω1 < ω2) for which Pav drops to half its maximum
value. Hence show that ∆ω = γ and ω0/∆ω = Q , where ∆ω = ω2 − ω1 is the full-
width-at-half-maximum. and Q is the Q-factor. Note that ω0/∆ω is a measure of the
“sharpness” of the peak in the plot of Pav versus ω.

(vii) Show that the average power dissipated by the resistance is exactly the average
power supplied by the driving voltage V (t).
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QUESTION 3

In this question we will consider an electrical system that is similar to the N coupled os-
cillators (beads on a string) we looked at in Lectures. Consider this system of N identical
capacitors C and inductors L:

Show that the charge on the pth capacitor satisfies the equation

dqp

dt
= Ip−1 − Ip p = 1, ... , N

where Ip−1 and Ip are the currents flowing around the circuit loops on either side of the
capacitor. Using Faraday’s law (− dΦ/ dt = −L dI/ dt = ε where L is the inductance of the
loop, I is the current and ε is the e.m.f. round the loop), show that

d2qp

dt2
= ω2

0

(
qp+1 + qp−1 − 2qp

)
p = 1, ... , N

where ω2
0 = 1/(LC) and with boundary conditions q0 = 0 and qN+1 = 0.

Without calculation, can you find the normal mode solutions and their frequencies? Hint:
check your lecture notes.

Electrical cables have finite inductance and capacitance per unit length and can be mod-
elled in this way.
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