
Vibrations and Waves (Nov-Dec 2017) Tutorial Questions VnW2 (27/11/2017–1/12/2017)

Vibrations and Waves – Tutorial Questions VnW2
NOTE: These questions are suggested as possibilities for tutorial work. Please do
not attempt them until your tutor tells you.

QUESTION 1

A ball of mass m (Mass 2) is suspended by a spring of stiffness k from another ball of mass
6m (Mass 1) which is suspended from the ceiling by a spring of stiffness 10k . The balls are
perturbed from equilibrium by displacing them vertically and they begin to oscillate. At time
t , the downward vertical displacements from equilibrium of masses 1 and 2 are x1(t) and
x2(t), respectively.

(i) Show that
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ω2
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0x2 = 0

and

ẍ2 + ω2
0x2 − ω2

0x1 = 0

where ω2
0 ≡

k
m

.

(ii) The angular frequencies of the two normal modes of this system are ω1 and ω2. Show
that x1(t) and x2(t) can be written as

x1(t) = A1 cos(ω1t + φ1) + A2 cos(ω2t + φ2)
x2(t) = 6A1 cos(ω1t + φ1)− A2 cos(ω2t + φ2)

where A1, A2, φ1, and φ2 are constants that depend on initial conditions. What are the
values of

ω1

ω0
and

ω2

ω0
?

(iii) Now assume that the motion is damped and that the normal mode coordinates u1 and
u2 obey the equations of motion

ü1 + γu̇1 + ω2
1u1 = 0

ü2 + γu̇2 + ω2
2u2 = 0

where γ = 2ω0

√
2. State whether u1 and u2 are lightly damped, strongly damped or

critically damped and explain your answers.

1 of 3



Vibrations and Waves (Nov-Dec 2017) Tutorial Questions VnW2 (27/11/2017–1/12/2017)

QUESTION 2

This question will give you practice in calculating forced oscillations both at resonance and
away from resonance.

In the lectures we derived the amplitude A and the phase φ of forced damped harmonic
oscillator. They are given by the following expressions:

A =
F0/m√

(ω2
0 − ω2)2 + (ωγ)2

tan φ =
−ωγ

(ω2
0 − ω2)

where the forcing term is given by F0 cos(ωt), γ = b/m, where b is the damping constant,
m is the mass and ω0 is the natural angular frequency of the system.

(i) Show that the resonant frequency, where the amplitude is maximum, isωres =
√
ω2

0 − γ2/2.

(ii) Hence show that the amplitude of motion at resonance is F0/(bωd), where ωd =√
ω2

0 − γ2/4 is the damped frequency for the unforced system.

Six penguins each of mass mp = 20 kg sit on top of a block of ice of mass M = 700 kg.
The equation of motion of the block of ice in the vertical direction, y(t) = Re[ỹ(t)], with the
penguins on it is given by

(M + 6mp)
d2ỹ
dt2

+ (1200 Ns/m)
dỹ
dt

+ (10 000 N/m)ỹ = F0 exp( iωt)

where the driving force here is exerted by water waves of frequency ω.

(iii) By inspection of the differential equation above, write down the numerical values of
the mass, damping constant and spring constant for the system. Calculate the pa-
rameters γ and ω0.

(iv) A killer whale tries to knock the penguins off the ice block by creating water waves
to drive the block. With what period, Tres, should the waves drive the ice block to
produce the maximum displacement of the block?

(v) The killer whale does this and the ice block is now moving with maximum displace-
ment amplitude A = 0.244 m. Calculate the force F0. Using the numerical values
provided, write down an expression for y(t). What is the phase relationship between
the driving force exerted by the water and motion of the ice block?

(vi) Again using the numerical values provided, write down expression for y(t) assuming
that the killer whale’s tail flaps at 4T res. What is the phase relationship now between
the driving force and the motion of the ice block?
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