
Paul Dauncey Available 1 June 2018

Relativity - Solutions to Problem Sheet 3

Topics covered: invariant intervals, four-vectors, relativistic energy and momentum.

Questions to try in your own time

1. As mentioned in Lecture 6, the quantity s2 = (ct)2− (x2 +y2 + z2) is called the “invariant interval”
because it is unchanged under Lorentz transformations. In other words, the distance as well as the
time between two events changes when transforming to a different frame, but s2 does not. Prove
this is true by applying the Lorentz transformations to s2, and showing that s′2 = s2.
ANSWER: s2 = (ct)2 − (x2 + y2 + z2), s′2 = (ct′)2 − (x′2 + y′2 + z′2). Since y = y′ and
z = z′, the problem boils down to showing (ct′)2 − x′2 = (ct)2 − x2. Write out the left hand side:
(cγ(t− vx/c2))2 − γ2(x− vt)2 = γ(ct− βx)2 − γ2(x− βct)2. Write out the squares:

γ2
(

(ct)2 − 2ctβx+ β2x2 − x2 + 2βctx− β2(ct)2
)

= γ2
(

(ct)2(1− β2)− x2(1− β2)
)

. We know that

1− β2 = 1/γ2, so we are done: (ct′)2 − x′2 = (ct)2 − x2.

2. This question is about space-like and time-like separations. Either answer the following questions
by drawing out a space-time diagram, or solve algebraically using the Lorentz transformations.

(a) Two events are separated by (c∆t,∆x,∆y,∆z) = (3, 4, 0, 0) in frame S. Is there a reference
frame S′ in which the events are simultaneous, or at the same position? What is the relative
velocity between S and the relevant frame S′?
ANSWER: The invariant interval is s2 = 9 − 16 = −7 < 0, so the events are space-like
separated. This means a reference frame can be found in which the events are simultaneous.
For this frame: ∆t′ = γ(∆t − v∆x/c2) = 0. Therefore we find v∆x/c2 = ∆t and v =
c2∆t/∆x = 3c/4. There is no frame in which the events are at the same position as ∆x′ would
be zero and the invariant interval could not then be negative

(b) Two events are separated by (c∆t,∆x,∆y,∆z) = (−8, 2, 0, 0) in frame S. Again, find the
relative velocity between S and S′ where S′ is the frame in which the two events are either
simultaneous or at the same position.
ANSWER: The invariant interval is s2 = 60 > 0, so the events are time-like separated. This
means a reference frame can be found in which the events occur at the same position. For this
frame: ∆x′ = γ(∆x − v∆t) = 0. Therefore we find v∆t = ∆x and v = ∆x/∆t = −2c/8 =
−c/4. There is no frame in which the events are simultaneous as ∆t′ would be zero and the
invariant interval could not then be positive

3. The four-velocity is given by (γu, γu~βu), where ~u is the usual three-velocity of a particle, ~βu = ~u/c

and γu = 1/

√
1− |~βu|2. What is the squared-length of the four-velocity?

Apply a Lorentz transformation to the four-velocity formed from the three-velocity ~u = (u, 0, 0).
From this, retrieve the velocity addition formula:

u′ =
u− v

1− uv/c2
.

ANSWER: The squared length is given by γ2u − γ2u|~βu|2 = γ2u(1− |~βu|2) = 1.

Applying the Lorentz transformation to the given four-velocity gives

γ′u = γ(γu − βγuβu), γ′uβ
′
u = γ(γuβu − βγu)

Hence

β′u =
γ′uβ

′
u

γ′u
=
γ(γuβu − βγu)

γ(γu − βγuβu)
=

βu − β
1− ββu

which is the velocity transformation in terms of βu. In terms of u

u′ = β′uc =
u/c− v/c

1− (v/c)(u/c)
c =

u− v
1− vu/c2

which is the desired velocity addition formula.
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4. Express the following quantities in eV, MeV/c2 etc. (Use c = 3× 108 m/s, 1 eV = 1.6× 10−19 J).

(a) Proton mass: mp = 1.67× 10−27 kg.
ANSWER: Proton rest energy mpc

2 = 1.67× 10−27 × 9× 1016/1.6× 10−19 = 938.3 MeV. So
proton mass mp = 938.3 MeV/c2.

(b) Total energy of an electron (me = 0.511 MeV/c2) with momentum p = 1 MeV/c.
ANSWER:

E =
√

(pc)2 + (mec2)2 =
√

12 + 0.5112 = 1.123 MeV.

(c) Kinetic energy of a proton with momentum p = 1 MeV/c.
ANSWER:

T = E −mpc
2 =

√
(pc)2 + (mpc2)2 −mpc

2 = 0.53 keV.

(d) Kinetic and total energy of a proton with speed u = 0.8c.
ANSWER: γu = 1/

√
1− (4/5)2 = 5/3. Use γu = E/mpc

2, so E = 1.56 GeV, T = 626 MeV.

5. A particle has rest mass 6.64× 10−27 kg and momentum 2.10× 10−18 kg ms−1.

(a) What is the total energy of the particle?
ANSWER: We are given the rest mass and the momentum, so we use E =

√
(mc2)2 + (pc)2 =√

(6.64× 10−27c2)2 + (2.10× 10−18c)2 = 8.67× 10−10 J or 5.41 GeV.

(b) What is the kinetic energy of the particle?
ANSWER: Use K = E −mc2 = 8.67× 10−10 − 5.97× 10−10 = 2.70× 10−10 J or 1.69 GeV.

(c) What is the ratio of the kinetic energy to the rest energy of the particle?
ANSWER: 1.69 GeV/5.41 GeV = 0.452.

6. How much energy is required to boost a particle with mass m (i) from rest to a speed of 0.09c? (ii)
From 0.9c to 0.99c? Express your answers in terms of mc2. How do the answers compare?
ANSWER: (i) 0 to 0.09c: γ0 = 1 and γ0.09 = 1.004. Hence ∆E = (γ0.09− 1)mc2 = 0.004mc2. (ii)
0.9c to 0.99c: γ0.9 = 2.294 and γ0.99 = 7.089. Hence ∆E = (γ0.99 − γ0.9)mc2 = 7.089 − 2.294 =
4.795mc2 (i.e. 1200 times greater than (i)). There is a much larger inertia to accelerate when the
particle is already at 0.9c, as energy as well as mass have inertia.

7. If a particle’s kinetic energy is n times its rest energy, find its speed in terms of n and c.
ANSWER: E = γumc

2, so K = E − mc2 = (γu − 1)mc2. We need to solve the equation
(γu − 1)mc2 = nmc2, or γu − 1 = n. Square both sides:

γ2u =
1

1− β2
u

= (n+ 1)2.

We find 1/(n+ 1)2 = 1− β2
u, or:

β2
u =

n2 + 2n

n2 + 2n+ 1
.

Hence

u = c

√
n2 + 2n

n2 + 2n+ 1
= c

√
N

N + 1
.

where N = n2 + 2n. The point to take away is that when n (and hence N) is large, the velocity
changes very slowly with changes in n, and that the velocity is always less than c.

8. The Large Hadron Collider (LHC) at CERN in Geneva accelerates protons to 7 TeV (1 TeV =
1012 eV). What is the proton velocity? What velocity would a tennis ball (m = 60 g) need such
that it would have a kinetic energy equal to that of a 7 TeV proton?

There are around 1012 protons in each beam bunch at the LHC. Estimate the total energy of each
bunch and compare this (to an order of magnitude) with the kinetic energy of a double-decker bus
moving at 30 mph.
ANSWER: Proton velocity: γ = E/mc2 = 7463, therefore β = 1 − 9 × 10−9. So 7 TeV is a
very large energy for a single proton! Ignoring the rest mass energy, convert 7 TeV into joules:
7× 1012 × 1.6× 10−19 = 1.12× 10−6 J. For the velocity of the tennis ball, guessing the tennis ball
is not relativistic, mv2/2 = 1.12× 10−6 J gives v = 6.1 mm/s.

The bunch has an energy of around 106 J. Estimating the mass of a bus to be around 10 tonnes
= 104 kg and 30 mph is around 50 km/hour or 15 m/s, the kinetic energy of the bus is around
0.5× 104 × 225 ≈ 106 J, so approximately the same as the LHC beam bunch.
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9. Tutorial problem: neutrinos from a supernova

Neutrinos are particles which are known to have a mass, but it is too small to have been measured
yet. Supernova 1987a created a burst of neutrinos within a short time which were observed by
several detectors around the world.

No optical telescope observations of the original star were being made when the supernova occurred.
This means the time of the explosion as measured using photons had to be estimated from later
observations and so has a large uncertainty of around 10 hours. Let’s try to calculate a mass limit
for the neutrino from this data.

The neutrinos are emitted at an energy of about 5 MeV (they are in thermal equilibrium with the
exploding star). The star was about 1.7×105 light years from earth (1 year = 3.2×107 s). Our goal
is to calculate the time delay between the arrival of the photons and the arrival of the neutrinos,
assuming the neutrino mass is very small compared to 5 MeV.

(a) Any particle (such as a neutrino) of mass m at rest has an energy E = mc2. Do a Lorentz
transformation of the four-momentum to show than for a moving particle

γu =
E′

mc2

where u = βuc is the neutrino’s speed and γu = 1/
√

1− β2
u.

ANSWER: At rest px = 0 so E′ = γ(mc2 − 0) = γmc2. In the boosted frame, the neutrino
will be moving at speed u = −v so γu = γ. Hence γu = E′/mc2.

(b) Since its mass is known to be small, we expect u to be very close to c, i.e. βu to be close to 1,
so make the substitution βu = 1− ε, with ε� 1. Show that

ε ≈ 1

2

(
mc2

E′

)2

ANSWER:

γu =
1√

1− (1− ε)2
=

1√
2ε− ε2

≈ 1√
2ε

so

ε ≈ 1

2γ2u
≈ 1

2

(
mc2

E′

)2

(c) What is the time delay between the arrival of the photons and the neutrinos if the neutrino
mass is 10 eV/c2? Would this be a significant measurement given the uncertainty on the
supernova explosion time measured by the photons?
ANSWER: Let L be the distance from SN1987a, then the time for light to make the journey
is just t = L/c and for neutrinos is L/u. The time difference for neutrinos is therefore

∆t =
L

u
− L

c
=

L

c(1− ε)
− L

c

Using the binomial approximation

(1− ε)−1 ≈ 1 + (−1)× (−ε) ≈ 1 + ε

then

∆t ≈ L

c
(1 + ε)− L

c
= ε

L

c
.

Putting in the numbers in the formula for ε we find

ε ≈ 1

2

(
10

5× 106

)2

≈ 2× 10−12

Using L = 1.7× 105 × 3.2× 107c we have ∆t = 2× 10−12 × 1.7× 105 × 3.2× 107 = 11 s. This
is too small to resolve given the start time uncertainty of 10 hours.

This doesn’t work very well as a way to determine very small neutrino masses. In fact, looking
at neutrino dispersion is much more sensitive. If neutrinos have mass, then higher energy
neutrinos travel faster than lower energy neutrinos. This is discussed in Arnett, Bahcall,
Kirshner and Woosley, “Supernova 1987a”, Ann. Rev. Astrom. Astrophys. 1989, 27, 629-
700.

The dispersion effect can also be used to limit the mass of the photon. See examples 13.9 and
13.10 in Kleppner and Kolenkow, An introduction to mechanics, (McGraw Hill, 1973).
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(d) Given that SN1987a produced 1058 neutrinos, calculate the number of these neutrinos which
would have passed through a 1 m2 of the Earth’s surface facing the supernova.
ANSWER: The surface area of a sphere at the distance of the Earth from the supernova is
4πL2, where L = 1.7×105×3.2×107×3×108 = 1.6×1021 m. Hence, the fraction of neutrinos
passing through 1 m2 on Earth is f = 1/4πL2 = 1/3.2 × 1043 = 3 × 10−44. The number of
neutrinos which passed through 1 m2 on Earth is therefore N = 1058f = 1058 × 3 × 10−44 =
3× 1014. Fortunately for us, neutrinos have a very low reaction probability!
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Assessed question for coursework

An asteroid is heading directly towards Earth at a high speed v, threatening massive destruction.
The spaceship ‘Imperial’ is sent out to vaporise the asteroid using its laser photon cannon. The

spaceship comes alongside the asteroid and matches velocity with it, orienting itself such that its sideways-
mounted photon cannon is pointing directly at the asteroid. The figure shows the situation in the rest
frame of the asteroid and spaceship.

Photons

L

Spaceship

Asteroid

Cannon

Earth

v

Take the x axis along the relative direction of motion of the Earth and the spaceship, and the y axis
along the relative direction of the asteroid from the spaceship.

1. Find an expression for the maximum amount of energy which the impact of the asteroid could
release if it was not intercepted. Evaluate this energy for an asteroid mass of 100 kg and speed
v = 0.2c.
ANSWER: With β = v/c = 0.2, γ = 1.021. The total energy of the asteroid is E = γmc2.
However, the rest mass energy cannot be released in the impact so the maximum destructive energy
is the kinetic energy

ED = E −mc2 = (γ − 1)mc2 = 0.0206mc2

Substituting in the given mass, then ED = 1.86× 1017 J.

[2 marks]

2. Consider two positions on the central axis of the cannon barrel, one at the spaceship end and one at
the exit of the barrel, which are at x = 0, y = 0 and x = 0, y = L, respectively, in the spaceship rest
frame. By performing an appropriate Lorentz transformation for some arbitrary time t, find the
coordinates of each end of the barrel in the Earth’s inertial frame. Hence show that in the Earth’s
rest frame, the cannon will be perpendicular to the motion of the spaceship at all times, i.e. that
the x positions at either end of the barrel are always the same at equal times in this frame.
ANSWER: The central points are (x1, y1) = (0, 0) and (x2, y2) = (0, L) for all t. Under the
Lorentz transformation, y′1 = y1 = 0 and y′2 = y2 = L, while for any time t the x and t values
become

x′1 = γ(x1 − βct) = −γβct, ct′1 = γ(ct− βx1) = γct

and
x′2 = γ(x2 − βct) = −γβct, ct′2 = γ(ct− βx2) = γct

Hence, the Earth observer sees the cannon has the same x′ positions (x′2 = x′1) at the same time in
their frame (t′1 = t′2). This means the cannon is always seen to be perpendicular to the motion of
the spaceship in the Earth rest frame.

[3 marks]

3. Photons are created at the spaceship end of the cannon barrel and have to travel down the length
of the barrel before exiting it. If the photons each have energy E, what is the four-momentum of
one of the photons in the spaceship rest frame? Determine the four-momentum of this photon as
seen by an observer in the Earth’s rest frame. Hence, find an expression for the angle of the photon
direction relative to the axis of the cannon barrel, as seen by this observer. Evaluate this angle and
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clearly state its orientation.
ANSWER: In the spaceship rest frame, the photons must be perpendicular to the motion of the
Earth to go down the cannon barrel. Hence the velocity, and so also momentum, only have a
non-zero py component, which is py = E/c, as u = c. In the Earth rest frame, p′y = py = E/c,
while

E′ = γ(E − βpxc) = γE, p′xc = γ(pxc− βE) = −γβE

Hence, the Earth observer sees the photons no longer perpendicular as they have a non-zero p′x
component. They therefore have a non-zero angle α to the y axis, where tanα = p′x/p

′
y = −γβ.

Evaluating this gives tanα = −0.204, so α = 11.5◦ = 0.201 rad, inclined towards the Earth.

[3 marks]

4. Given your answers to parts 2 and 3, qualitatively explain any apparent discrepency concerning
whether the photons will hit the side of the cannon barrel or not.
ANSWER: The photons are therefore travelling at an angle to the cannon barrel. This appears
to mean they would hit the side of the barrel rather than travel down its length. However, the
photons emerge from the barrel in the spaceship rest frame, so this must also occur in the Earth
rest frame.

The explanation arises because the cannon is also moving in the Earth rest frame. The photons
come off at an angle and stay centred in the barrel as it moves sideways at just the right rate.

[2 marks]
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