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Relativity - Solutions to Problem Sheet 2

Topics covered: Lorentz transformations, velocity addition, spacetime diagrams.

Questions to try in your own time

1. It seems obvious that we can find the inverse Lorentz transformations by swapping the primes and
reversing the sign of v (or equivalently β), that is

ct′ = γ(ct− βx), x′ = γ(x− βct)

become
ct = γ(ct′ + βx′), x = γ(x′ + βct′)

Show this is true by explicitly solving the first set of equations for ct and x.
ANSWER: Dividing by γ gives

ct′

γ
= ct− βx, x′

γ
= x− βct

The second of these gives βx′/γ = βx− β2ct so adding to the first equation gives

ct′

γ
+
βx′

γ
= ct− β2ct so

ct′ + βx′

γ
= (1− β2)ct =

ct

γ2

which gives ct = γ(ct′ + βx′) as required. The calculation for x′ is similar.

2. The pole vaulter and the barn: this is a famous example of a typical apparent paradox in Relativity.
Suppose a very fast pole vaulter holding a long pole runs through a farmer’s barn. In its rest frame,
the pole is exactly as long as the barn is in its rest frame. In the barn’s reference frame, the pole
will undergo length contraction, so the farmer will be able to shut the barn front door with the pole
inside, before opening the back door on the other side of the barn to let the vaulter run through
the barn. The vaulter sees the barn as length contracted, and so believes there is no way the pole
can fit in the barn. What happens?

Take the rest frame length of the barn and of the pole to be L = 10 m. Label the vaulter’s frame
with primed coordinates and let the vaulter’s speed be v = 3c/5 in the farmer’s frame. Let the
entrance to the barn be at x = x′ = 0 and the farmer’s frame and the vaulter’s frame agree that
t = t′ = 0 when the front of the pole is at the entrance of the barn. We will work through the
problem in the following steps.

(a) Calculate the length of the pole according to the farmer, and the length of the barn according
to the vaulter.
ANSWER: The length of the pole is contracted according to the farmer, and the length of
the barn is contracted according to the vaulter, with the contraction factor being γ = 5/4 for
both. Hence, for both cases LMoving = L/γ = 4/5× 10 = 8 m.

(b) In terms of L, β and γ, write down expressions for the space-time coordinates of the following
events in the farmer’s frame. Event 1: the front of the pole reaches the back door of the barn.
Event 2: the rear of the pole reaches the front door of the barn.
ANSWER: Event 1: x1 = L, t1 = L/v = L/βc. Event 2: x2 = 0, t2 = LMoving/v = L/γβc.

(c) Use the Lorentz transformation equations to work out the space-time coordinates of these
events in the frame of the vaulter, again in terms of L, β and γ. Can you reason through these
results?
ANSWER: For Event 1 (front of the pole reaches end of the barn), we have in the farmer’s
frame (t1, x1) = (L/βc, L). Using the Lorentz transformations we get the coordinates in the
vaulter’s frame:

ct′1 = γ(ct1 − βx1) = γ

(
L

β
− βL

)
=
γL

β
(1− β2) =

L

γβ

and
x′1 = γ(x1 − βct1) = γ(L− L) = 0
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This makes sense, as the front of the pole remains at x′ = 0 in its own rest frame. The barn is
length contracted to L/γ and moves towards the pole with a speed v, so the back of the barn
would take a time L/γv = L/γβc to reach the front of the pole.

For Event 2 (the back of the pole reaches the entrance to the barn), we have in the farmer’s
frame (t2, x2) = (L/γβc, 0). Using the Lorentz transformations we get the coordinates for the
vaulter’s frame

ct′2 = γ(ct2 − βx2) = γ

(
L

γβ
− 0

)
=
L

β
so t′2 =

L

βc

and

x′2 = γ(x2 − βct2) = γ

(
0− L

γ

)
= −L

This makes sense, as the back of the pole remains at x′ = −L in its own rest frame. For the
back of the barn to move from x′ = 0 to x′ = −L would take a time L/v = L/βc.

(d) Calculate the times (in ns) t1, t2, t′1 and t′2 for the front and back of the pole to reach the front
and rear doors of the barn, in each frame.
ANSWER: Filling in the numbers, and using β = 3/5 and γ = 5/4, we get t1 = 55.6 ns,
t2 = 44.4 ns, t′1 = 44.4 ns, and t′2 = 55.6 ns.

(e) What happens? Is the pole entirely inside the barn at any point in time or not? Does the pole
hit the end of the barn before the back door is opened?
ANSWER: Because the two events occur at different places, the two frames do not agree on
the timings of the events. In the farmer’s frame, the back of the pole reaches the entrance to
the barn before the front of the pole reaches the end of the barn. In fact, the pole is completely
inside the barn for 55.6− 44.4 = 11.2 ns. In the vaulter’s frame however, the front of the pole
reaches the end of the barn before the back of the pole reaches the entrance to the barn.

There is a third event that can be considered here, namely the opening of the back door of the
barn. Assume this happens simultaneously in the farmer’s frame to the end of the pole reaching
the entrance to the barn, i.e. t3 = t2 = L/γβc = 44.4 ns. The position of this third event
however is at x3 = L (the back of the barn). In the vaulter’s frame, we can apply the Lorentz
transformations to find that this event happens at (t′3, x

′
3) = [L(1 − γβ2)/βc, γL(1 − 1/γ)] =

(30.6 ns, 2.5 m). Hence the back door is opened before the front of the pole reaches the end
of the barn, i.e. well before the back of the pole reaches the entrance of the barn. So in the
vaulter’s frame, the back door is opened, the vaulter runs straight through the barn, and the
door to the entrance of the barn is closed as the back of the pole enters the barn. The pole is
never entirely inside the barn!

3. A set of Earth observers see a rocket ship moving to the right with an x velocity uR = 2c/3 and
a second ship moving to the left with an x velocity uL = −4c/5. What do the Earth observers
conclude about the relative velocity of one ship with respect to the other? If you find it is greater
than c, does this violate the principles of Relativity? What does each ship measure for the velocities
of the Earth and of the other ship?
ANSWER: The relative velocity of one ship with respect to the other is 2c/3+4c/5 = 22c/15 > c,
but nothing physical is moving at this speed, so there is no contradiction to the principle that
nothing can move at a speed greater than the speed of light.

Transform the velocities by v = −4c/5 to get to the rest frame of Ship L. As the Earth originally
had uE = 0, this simply gives u′E = 4c/5. Ship R has uR = 2c/3 which gives

u′R =
2c/3 + 4c/5

1 + (2/3× 4/5)
=

(10 + 12)c/15

(15 + 8)/15
=

22c

23

Similarly for the Ship R frame, transform by v = 2c/3, which results in the Earth moving at
v = −2/3c and Ship L gives

u′L =
−4c/5− 2c/3

1 + (2/3× 4/5)
= −22c

23

as you might expect.

4. In Lecture 4 we derived the velocity addition formula for a particle moving with speed u along the
x axis, in a frame moving at velocity v in the x direction. If the particle velocity is not just directed
along the x axis, then the velocity transformation formula needs to be written as

u′x =
ux − v

1− vux/c2
.
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Use the same method as in the lecture to work out the transformation rule for one of the perpen-
dicular velocity components, e.g. uy.
ANSWER: We know that y = uyt and y′ = u′yt

′. We also know y′ = y as the frame only moves in
the x direction. The Lorentz transformation for t only involves the x coordinate for which x = uxt,
so this gives

ct′ = γ(ct− βx) = γ
(
ct− v

c
uxt

)
= γct

(
1− vux

c2

)
Hence, the y velocity in the moving frame is

u′y =
y′

t′
=
uyt

t′
=

uyt

γt(1− vux/c2)
=

uy
γ(1− vux/c2)

A similar expression holds for u′z.

5. In Lecture 3 we looked at the relativity of simultaneity by analysing a situation whereby Lucy,
Matt, and Rick synchronise their clocks in their reference frame. We will now draw out a spacetime
diagram of this situation to illustrate which events happen simultaneously in which reference frame.

(a) Draw a spacetime diagram in which Rick, Lucy, and Matt are stationary, with Lucy at x = −3,
Rick at x = 3, and Matt at x = 0. At t = 0, Matt emits a light pulse to Rick and another to
Lucy. Draw the paths of the light pulses on the diagram. When does the pulse arrive at Rick,
and when at Lucy?
ANSWER: See the spacetime diagram below. By symmetry, the light pulses must arrive at
Lucy and Rick simultaneously and this must be at ct = 3.

(b) Now draw a separate spacetime diagram for a moving frame, in which Rick, Lucy, and Matt
are moving at β = 1/3. Include all three world lines, as well as the paths the light pulses
travel to Rick and Lucy. Draw the ‘line of simultaneity’ (i.e. of equal time) in the moving
frame from the event of the light pulse arriving at Lucy. Does the light pulse still arrive at
Rick simultaneously in this frame?
ANSWER: See the spacetime diagram below. The distances between Lucy & Matt and Rick
& Matt are length-contracted to 3/γ in the moving frame. We find that the pulse arrive at
Rick and Lucy at 3/γ(1 − β) = 9/2γ = 4.5/γ and 3/γ(1 + β) = 9/4γ = 2.25/γ respectively
and so are not simultaneous in the moving frame.

(c) Finally, as soon as Lucy and Rick receive Matt’s light pulse, they each sent a light pulse back
to Matt. Draw these light pulses in your spacetime diagram. Does Matt receive the two light
pulses simultaneously?
ANSWER: The second set of light pulses arrive simultaneously at Matt in the moving frame.
Note, by symmetry, they will also arrive simultaneously in the stationary frame. Remember
that events that occur simultaneously at the same point in spacetime in one frame will occur
simultaneously in any frame.
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ANSWER:

6. Five street lamps A, B, C, D, and E are located on a straight line along the x axis at an equal
distance apart as shown in the figure. They turn on at times tA, tB , tC , tD, and tE respectively, in
the frame at rest relative to the ground. These five events are indicated in the spacetime diagram
below, and a person stands at x = 0 to watch them turn on.

A car is moving at velocity v relative to the ground. At t′ = t = 0, it is at x′ = x = 0. The space
and time axes of the moving frame of the car are also shown in the spacetime diagram. Answer the
questions below by drawing the relevant lines and events in the spacetime diagram.
ANSWER: Refer to the annotated spacediagram overleaf.

(a) What is the order in which the lamps turn on in the ground rest frame?
ANSWER: The order is A and C simultaneously, then E, then D, and then B.

(b) What is the order in which the lamps turn on in the car’s rest frame?
ANSWER: C and E simultaneously, then A and D simultaneously, and then B.

(c) What is the order in which the light of the lamps reach the person at x = 0?
ANSWER: A, then C, then B and D simultaneously, and then E.

(d) What is the order in which the light from the lamps reach the person driving the car?
ANSWER: A, then C, then B and D simultaneously, and then E.

(e) Where is the car relative to the street lights when the light from street lamp D reaches it?
ANSWER: Between street lamps A and B.
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7. Tutorial problem: checking TD and LC using LTs

We derived time dilation and Lorentz contraction using just the postulates in the lectures in Week 2.
Having now seen the Lorentz transformations, we will check that we can reproduce these results
explicitly.

(a) We will start with time dilation. Consider two events E1 and E2 which correspond to two
consecutive ticks of a clock with period T in the rest frame. Let E1 be at t1 = 0, x1 = 0 in the
rest frame. Write down explicitly the values of t2 and x2 for E2 in this frame.
ANSWER: The clock does not move so x2 = 0 also. The time of E2 is one period later so
t2 = T .

(b) Do an explicit Lorentz transformation of E1 and E2 to an inertial frame moving with speed
βc along the +x axis relative to the rest frame to find t′1, x

′
1 and t′2, x

′
2. Hence, show that this

gives the correct time dilation equation.
ANSWER: For E1, then as t1 = 0, x1 = 0, then t′1 = 0, x′1 = 0. For E2, then

ct′2 = γ(ct2 − βx2) = γcT, x′2 = γ(x2 − βct2) = −γβcT

Hence t′2 = γT . The period in the moving frame is therefore

T ′ = t′2 − t′1 = γT − 0 = γT

which is the time dilation equation.

(c) We will attempt to verify Lorentz contraction using the same method. In its rest frame, a
rod of length l is lying along the +x axis with the left hand end at x = 0. We measure the
positions of the two ends at t = 0 in its rest frame. Let E1 and E2 be the events corresponding
to these measurements. As before, give the coordinates of E2, Lorentz transform the events
to a moving frame, and find the distance between the events in the moving frame.
ANSWER: In the rest frame E2 has t2 = 0 and x2 = l. Lorentz transforming E2 gives

ct′2 = γ(ct2 − βx2) = −γβl, x′2 = γ(x2 − βct2) = γl

Hence x′2 − x′1 = γl − 0 = γl.

(d) You should not have got the correct Lorentz contraction formula. (In case you thought you
had, a reminder that the correct formula is l′ = l/γ.) This is due to a very simple fact; if you
want to correctly measure the length of a moving object, you must be sure you measure the
positions of both ends of the object at the same time. You should have found that t′1 and t′2
were not the same so the above method is wrong in the moving frame.

To measure the rod length in the moving frame correctly, you must measure both ends at the
same time. Hence, instead of E2, we must have a third event E3 which occurs at the same time
as E1 in the moving frame, i.e. t′3 = 0. State the value of x3 in the rest frame and hence use
the Lorentz transformation equations to find t3 and x′3. Do you now get the right expression
for the Lorentz contraction?
ANSWER: In the rest frame, the end of the rod is always at x = l, so x3 = l independent of
the time of E3. Lorentz transforming E3

ct′3 = γ(ct3 − βx3) = γ(ct3 − βl), x′3 = γ(x3 − βct3) = γ(l − βct3)

Since t′3 = 0, then ct3 = βl. This then gives

x′3 = γ(l − β2l) = γl(1− β2) =
l

γ

Therefore, we find l′ = x′3−x′1 = l/γ−0 = l/γ which is the correct Lorentz contraction formula.
Note, an observer in the rod rest frame will see the two measurements done at different times
as t3 = βl/c 6= t1 = 0.

(e) Take l = 2 m and β = 3/5. Using graph paper, draw a space-time diagram for the moving
frame and indicate the positions of E1, E2 and E3 in this diagram. Mark the axis with the
relevant coordinate values. Add two world lines, one for each end of the rod and finally draw
where the rest frame axes lie in the moving coordinates.
ANSWER: For β = 3/5, then 1 − β2 = 16/25 so γ = 5/4 and βγ = 3/4. In the moving
frame, the event coordinates in metres are

ct′2 = −γβl = −3

2
, x′2 = γl =

5

2
, ct′3 = 0, x′3 =

l

γ
=

8

5
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The world line for the rod end containing E1 is given by ct = −x/β = −5x/3 and the world
line for the other end, containing E2 and E3, is given by ct = −(x − 8/5)/β = −5x/3 + 8/3.
The rest frame ct axis is along the world line of the rod end containing E1, while the rest
frame x axis must go through E1 and E2 as these both have t = 0. The space-time diagram
is shown below.
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Multiple choice questions for coursework

A star is about to explode in a supernova and a planet orbiting it must be evacuated. The starship
Enterprise is sent to the planet to pick up some Imperial College Physics students on a field trip to
observe the star’s final stages.

The trajectories of the Enterprise, the star, and the planet are shown on the spacetime diagram
below. Assume that the planet is not moving relative to the star. The Enterprise will fly by at a constant
velocity past the planet and beam up the students without stopping. The supernova explosion occurs
at spacetime point S. The light from the supernova spreads out in both directions along the trajectories
shown.

Questions 1-3 relate to this situation.

 

1. Match up the following statements to events A-H labelled in the spacetime diagram.

(a) The Enterprise arrives at the planet.

(b) In the Enterprise frame, the star is at this spacetime point when the Enterprise arrives at the
planet.

(c) In the Enterprise frame, the Enterprise is at this spacetime point when the supernova occurs.

(d) The Enterprise flies by the star.

(e) Light from the supernova reaches the Enterprise.

(f) Light from the supernova reaches the planet.

(g) In the Enterprise frame, the planet is at this spacetime point when the supernova occurs.

(h) In the planet’s frame, the planet is at this spacetime point when the supernova occurs.

ANSWER: a-E, b-A, c-G, d-B, e-H, f-C, g-D, h-F.

[2 marks]
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2. Rank in chronological order for the planet’s frame:

(a) A spectator on the planet sees the supernova.

(b) The Enterprise arrives at the planet.

(c) The star explodes in a supernova.

(d) A spectator on the Enterprise sees the supernova.

ANSWER: (c), (b), (a), (d).

[2 marks]

3. Rank in chronological order for the Enterprise frame:

(a) A spectator on the planet sees the supernova.

(b) The Enterprise arrives at the planet.

(c) The star explodes in a supernova.

(d) A spectator on the Enterprise sees the supernova.

ANSWER: (b), (c), (a), (d).

[2 marks]

4. Astronaut Mark Yuri is space-travelling from planet X to planet Y at a speed of β = 0.8 relative to
the planets, which are at rest relative to each other and separated by 2 light-hours (1 light-hour is
the distance light travels in 1 hour) in their rest frame. While Mark is travelling, a nuclear device
is detonated on each planet. The explosions are simultaneous in Mark’s frame. What is the time
difference between the detonation of the devices in the planets’ frame?

(a) 0 min

(b) 48 min

(c) 80 min

(d) 96 min

(e) 160 min

ANSWER: (d). The detonations are simultaneous in Mark’s frame, but separated by 2 light-
hours in space. Therefore, the detonations will not be simultaneous in the planet frame. To
calculate the time difference between them in the planet frame, we take the detonation on planet
X to be at t = t′ = 0 and x = x′ = 0. Here the primes denote Mark’s rest frame. In Mark’s
frame, the detonation on planet Y happens at coordinates (t′, x′) = (0, 2 light-hours/γ), keeping in
mind that the distance between the two planets is length-contracted in Mark’s frame. Using the
Lorentz transformations with −β to get back to the planets’ frame, we get ct = γ(ct′ + βx′) =
γ(0 + 4/5× 2 light-hours/γ) = 1.6 light-hours, so t = 1.6 hours, or 96 minutes.

[2 marks]

5. In a particle physics experiment on Earth a pion travels at β = 0.998 in the positive x direction. A
spaceship flies by Earth with β = 0.2 in the same direction and observes the experiment. What β
does the spaceship measure for the pion?

(a) 0.798

(b) 0.997

(c) 0.999

(d) 1.198

ANSWER: (b). Using the velocity addition formula with u = 0.998c and v = 0.2c we find
u′ = 0.997c.

[1 mark]

6. In an ”atom smasher,” two particles collide head on at relativistic speeds. If the velocity of the first
particle is β = 0.741 in the positive x direction, and the velocity of the second particle is β = 0.35
in the negative x direction (both of these speeds are measured in laboratory’s rest frame), how fast
are the particles moving with respect to each other?
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(a) 0.310c

(b) 0.528c

(c) 0.866c

(d) 1.091c

ANSWER: (c). Transforming to the frame of the first particle, and hence using the velocity
addition formula with u = −0.35c and v = 0.741c we get u′ = −0.866c. Therefore the first particle
sees the second particle coming towards it with a speed of 0.886c. The same speed (but in the
opposite direction) is found by transforming to the frame of the second particle.

[1 mark]
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