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Vibrations and Waves — Problem Sheet 2

1. The diagram below shows a pair of equal pendulums coupled together by a light
rigid rod. Construct such a coupled oscillator system for yourself. Find two equal
masses, use string or cotton thread and (for example) a drinking straw for the light
rod. (Make sure the physical dimensions of your masses are not too large compared
with the rest of the system). Calculate the two normal modes for motion in the plane
of the system, either using the general approach we used in the lectures or by using
symmetry. Check to see if your calculated motions and frequencies agree with what
you measure. Try to observe beating and check the beat period agrees with your
predictions.

2. As shown in the diagram, two beads of mass m are connected to one another and to
walls by three identical massless springs of spring constant k . The distance between
the walls is L . The masses can only move perpendicularly to the walls.

(i) Show that, or explain why, when they are at equilibrium, each mass is a distance
L/3 from the nearest wall.

(ii) Show that, if the masses oscillate about their equilibrium positions, their equa-
tions of motion are

ẍ1 + ω2
0(2x1 − x2) = 0

ẍ2 + ω2
0(2x2 − x1) = 0

where x1 and x2 are the displacements of the masses from their equilibrium

positions, and ω0 =
√

k
m .
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(iii) Now use the trial solution

u(t) =
(

x1(t)
x2(t)

)
=
(

1
r

)
cos(ωt)

to show that general expressions for x1(t) and x2(t) may be written as

x1(t) = C1 cos (ω0t + φ1) + C2 cos
(
ω0t
√

3 + φ2

)
x2(t) = C1 cos (ω0t + φ1)− C2 cos

(
ω0t
√

3 + φ2

)
where C1, C2, φ1, and φ2 are constants determined by initial conditions.

3. The equation of motion for a damped system is mẍ + bẋ + kx = 0. Show that for a
critically damped system ω0 = γ/2, where the symbols have their usual meanings.
For critically damped SHM, the displacement is given by x(t) = (A + Bt) exp [−(γ/2)t ],
where A and B are constants. Show that this is a solution of the equation of motion.
[Hint: First write the equation of motion and x(t) in term of A , B, ω0 and t only.]

4. For lightly damped SHM, the displacement can be written as x(t) = A e−γt/2 cos(ωdt +
φ). Find the constants A , φ, for the following initial conditions with a mechanical
system: mass pulled to x = x0 and released with zero velocity.

5. In the lectures we showed that the complex form solution for a free damped oscillator
is x̃ = Ã eαt , where α satisfies α2 +αγ +ω2

0 = 0. Write down expressions for the spring
force F̃spring and the damping force F̃damping in terms of x̃. Hence show that for light
damping, the ratio of their magnitudes is given by |F̃damping|/|F̃spring| = γ/ω0 = 1/Q .

6. Twenty students are in a small minibus driving down a road. The driver, a physics stu-
dent, is telling his captive audience that because of its suspension system the minibus
can be modelled as a damped oscillator. To prove the point, he drives over a speed
bump at considerable speed. The minibus takes off, and upon landing oscillates vi-
olently up and down. The oscillations decay away with time. Assume that the mass
of each student is 70 kg and the mass of the minibus is 1500 kg. You may use the
following:

• Light damping : x(t) = A e−(γ/2)t cos(ωdt + φ)

• Critical damping : x(t) = (A + Bt) e−(γ/2)t

• Heavy damping : x(t) = e−(γ/2)t [B1 cosh(qt) + B2 sinh(qt)]

where ωd =
√
ω2

0 − γ2/4, q =
√
γ2/4− ω2

0, γ = b/m and ω2
0 = k/m. All other symbols

have their usual meanings.

NB: You will need to use at least 3 significant figures in your calculations.

(i) What type of oscillation is occurring?

(ii) The minibus oscillates with a period of 1 second. By assuming ωd ≈ ω0, find an
approximate value of the spring constant of the suspension.

(iii) Write down an expression for the time-dependent amplitude A (t) of the oscilla-
tion in terms of the mass of the system and the suspension’s damping constant.
Assume A (0) = A0.
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(iv) Using your answer from (iii), calculate the damping constant given that the initial
oscillation amplitude is A0 = 5 cm and that the amplitude has decayed away to
0.1 cm after 10 seconds.

(v) Recalculate k using this value of b.

(vi) Calculate the oscillation period in the undamped case. Hence comment on the
approximation ωd ≈ ω0 here.

(vii) What is the total energy E stored in the oscillations initially (t = 0) and after 10
seconds?

(viii) Calculate the time for the energy to decay to 1/ e of its initial value and hence
estimate the quality factor using that Q/(2π) is approximately the number of
cycles this takes. How does this approximation compare with Q = ω0/γ?

The students return to Imperial and get a new minibus with different suspension (dif-
ferent b and k ) but the same mass. They drive over the original speed bump again.
The minibus oscillates again with a period of 1 second. However, after 0.75 seconds
the oscillation has decayed to 0.01 cm.

(ix) Taking A0 = 5 cm as before, recalculate b

(x) Recalculate k .

(xi) Estimate Q in this case, using the same method as in (viii). How does this
compare with Q = ω0/γ?

The students then notice that the driver is driving the minibus towards a very bumpy
patch of road.

(xii) About how many students would need to jump out before the remainder in the
minibus will have the most comfortable ride?

7. In Problem Sheet 1, we showed that the equation of motion for liquid in a U-shaped
tube is

LAρẍ = −2Aρgx

where L is the total length of liquid in the tube, A the cross-sectional area of the tube,
ρ the density of the liquid and g = 9.8 m/s2 is the acceleration due to gravity.

A more careful analysis reveals that liquid moving in a tube is subject to a damping
force Fdamp = −8πηLv where η is the viscosity of the liquid and v is its velocity.

(i) Write down the new equation of motion including the damping force.

(ii) Write down expressions for the damped frequency of oscillationωd =
√
ω2

0 − γ2/4,
the resonant frequency ωres =

√
ω2

0 − γ2/2 and the Q-factor in terms of the pa-
rameters for the U-tube.

Let A = 0.5× 10−4 m2 and L = 5 m. For the two cases (iii) and (iv) below, determine
whether the damping is light, critical or heavy and if lightly damped, calculate the
damped frequency ωd and Q :

(iii) U-tube filled with water. Take ρwater = 103 kg/m3 and ηwater = 10−3 Ns/m2.
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(iv) U-tube filled with oil. Take ρoil = 0.9× 103 kg/m3 and ηoil = 200× 10−3 Ns/m2.

(v) An air pump is attached to one end of the tube that provides an oscillatory pres-
sure of amplitude P0 = F0/A = 5×103 N/m2 at a driving frequency of ω. What is
the resonant frequency ωres of water in the U-tube [use 3 decimal places]. Cal-
culate the steady-state amplitude of the motion and the average power supplied
by the pump both at resonance ωres and at ω0. Explain in physical terms why the
peak power is not at the peak amplitude.

Numerical Answers:

6(ii) k = 1.14× 105 N/m, 6(iv) b = 2.27× 103 Ns/m, 6(v) k = 1.15× 105 N/m, 6(vii) E(0) =
144 J, E(10 s) = 5.75× 10−2 J, 6(viii) Q ≈ 8.05, Q = 8.01, 6(ix) b = 4.81× 104 Ns/m, 6(x)
k = 3.14× 105 N/m, 6(xi) Q ≈ 0.379, Q = 0.627, 6(xii) 15. 7(iii) water is lightly damped,
ωd(water) = 1.964 s−1, Qwater = 3.94, 7(iv) oil is heavily damped, 7(v) ωres = 1.948 s−1,
Aav(ωres) = 1.013 m, Aav(ω0) = 1.005 m, Pav(ωres) = 0.245 W, Pav(ω0) = 0.249 W,
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