
Study handout 2 hints, answers and solutions for non-assessed questions 

1. A flat sheet of dimensions 10 cm ×  10 cm is held perpendicular to a uniform electric field of 

50 Vm−1. The sheet is spun round an a uniform rate of 3.0 rads−1. Find an expression for the electric 

flux through the sheet as function of time and plot the flux with time. 

The flux when at an angle 𝜽 is given by 𝚽 = 𝑬𝑨 𝐜𝐨𝐬 𝜽  by definition so with the numbers 

provided the initial – and maximum possible - flux is 𝟎. 𝟏 × 𝟎. 𝟏 × 𝟓𝟎 = 𝟓𝟎𝟎 𝐦𝐕𝐦. This then 

changes sinusoidally with time with a period of 𝑻 =
𝟐𝝅

𝝎
=

𝟐𝝅

𝟑
≈ 𝟐. 𝟎𝟗 𝐬 so the flux through the 

sheet over the duration of one cycle is as so:  

 

 

 

2. How can Gauss’s law be used to deduce that field lines must begin and end on point charges? 

This was mentioned in lectures a few times. Think about the differential form of the law and 

what the definition of divergence; remember that divergence is at a point.  

 

3. If a surface encloses a net charge of zero, must the field be zero at all points on the surface? If a field 

is zero at all points on a surface must the net charge enclosed be zero?  

For the former, sketch the field lines due to an electric dipole and draw a surface around both 

charges.  

 

4. A point charge of value +1.0 C is placed at in the corner of a cube of side 1 m. What is the flux 

through each face? 

Consider the cube with a point charge at one vertex as shown below:  
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Using Gauss’s law in its integral form, ∬ 𝑬. 𝒅𝑨
𝑺

=
𝑸𝒆𝒏𝒄𝒍𝒐𝒔𝒆𝒅

𝝐𝟎
, which means the total flux around 

a point charge of 𝑸 is given by 
𝑸

𝝐𝟎
. The cube illustrated will have 

𝟏

𝟖

𝒕𝒉
 of the point charges total flux 

passing through it – imagining that another seven cubes were assembled around the point 

charge to make a bigger cube of double the linear dimension should make this clear.  

The field from the point charge is radial in three dimensions. This means the field lines from 

the point charge act in the same plane as the faces with corners 𝟏𝟐𝟑𝟒, 𝟏𝟐𝟓𝟖 and 𝟏𝟖𝟕𝟒 in the 

diagram. As all the flux lines act parallel to the plane of these faces the flux through them is 

exactly zero.  

It would be possible, though a pain, to compute the flux through the other three faces by 

integration. Instead, we can appeal to the symmetry of the situation by recognising the flux 

through the other three faces – 𝟐𝟓𝟔𝟑, 𝟓𝟔𝟕𝟖 and 𝟒𝟑𝟔𝟕 must be equal.  

So the flux of 
𝑸

𝟖𝝐𝟎
 is shared between three i.e. the flux through these faces is                           

𝑸

𝟐𝟒𝝐𝟎
≈ 𝟒. 𝟕𝟏 𝐆𝐕𝐦−𝟏. Note that the size of the cube is not relevant.  

 

5. A cube of side 𝐿 has one corner at the origin and its sides along the 𝑥, 𝑦 and 𝑧 axes. The electrostatic 

field in the area is given by 𝑬 = (𝑎 + 𝑏𝑥)�̂� . What is the net flux through the cube and the charge 

enclosed? 

The cube is shown below:  
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As the field has no 𝒚 or 𝒛 components only the shaded sides shown in the figure will have any 

flux through them.  

The field is uniform through side 𝑨 and of size 𝒂�̂� and the flux is, by definition, −𝒂𝑳𝟐.  

The field is also uniform through 𝑩 and of size (𝒂 + 𝒃𝑳)�̂�  and the flux through it is (𝒂 + 𝒃𝑳)𝑳𝟐.  

The total flux through the cube is thus the sum of these contributions and is equal to 𝒃𝑳𝟑.  

The charge enclosed is easily determined by the integral form of Gauss’s law which states that 

the flux equals the charge divided by 𝝐𝟎 hence the charge is 𝒃𝑳𝟑𝝐𝟎.  

 

6. An insulating solid sphere of radius 𝑅 has a uniform charge density of +𝜌 Cm−3. Find an expression 

for the field strength as a function of distance from the centre of the sphere. 

Consider a Gaussian sphere of radius 𝒓 < 𝑹 inside the sphere as shown in cross section below:  

 

Using the integral form for Gauss’s law, ∬ 𝑬. 𝒅𝑨
𝑺

=
𝑸𝒆𝒏𝒄𝒍𝒐𝒔𝒆𝒅

𝝐𝟎
, as the field must be radially 

symmetric the left hand side is 𝟒𝝅𝒓𝟐𝑬  and the charge enclosed is 𝝆𝑽 =
𝟒

𝟑
𝝅𝒓𝟑𝝆  giving    

𝟒𝝅𝒓𝟐𝑬 =
𝟒

𝟑
𝝅𝒓𝟑𝝆

𝝐𝟎
 hence the field is given by 𝑬 =

𝝆

𝟑𝝐𝟎
𝒓. Notice how this is zero at the centre and 

rises linearly with distance; this is analogous to the gravitational field strength inside a planet.  

 

7. An insulating sphere of radius 𝑅 has a spherical cavity of radius 𝑎 at its centre. The charge density on 

the rest of the sphere varies according to 𝜌 =
𝐴

𝑟
 Cm−3 where 𝑟 is the distance from the centre. Find the 

electric field strength as a function of distance from the centre. 

A cross-sectional figure of the setup is shown below with a Gaussian sphere included:  
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Between the centre and 𝒂 the field strength is zero as there is no charge within.  

Now consider the charge within the part containing the charge. Of course, the integral form of 

Gauss’s law, ∬ 𝑬. 𝒅𝑨
𝑺

=
𝑸𝒆𝒏𝒄𝒍𝒐𝒔𝒆𝒅

𝝐𝟎
 must be used. As the field will be spherically symmetric the left 

hand side at radius 𝒓 is 𝟒𝝅𝒓𝟐𝑬 and the charge enclosed must be found.  

For the Gaussian sphere in the figure, the charge contained within a shell of infinitesimal 

thickness 𝜹𝒓  is 𝜹𝑸 = 𝟒𝝅𝒓𝟐𝝆. 𝜹𝒓 =
𝟒𝝅𝒓𝟐𝑨.𝜹𝒓

𝒓
= 𝟒𝝅𝑨𝒓. 𝜹𝒓  and the charge enclosed with the 

Gaussian sphere is found by integrating between the cavity wall and the sphere i.e.      

𝑸𝒆𝒏𝒄𝒍𝒐𝒔𝒆𝒅 = ∫ 𝟒𝝅𝑨𝒓′. 𝒅𝒓′
𝒓

𝒂
= 𝟐𝝅𝑨(𝒓𝟐 − 𝒂𝟐) . The total charge inside the sphere is thus 

𝟐𝝅𝑨(𝑹𝟐 − 𝒂𝟐) 

Equating this to the left-hand side gives 𝟒𝝅𝒓𝟐𝑬 =
𝟐𝝅𝑨(𝒓𝟐−𝒂𝟐)

𝝐𝟎
 so the field inside the sphere is 

given by 𝑬 =
𝟏

𝟐𝝐𝟎
𝑨 (𝟏 −

𝒂𝟐

𝒓𝟐). This equals zero at 𝒓 = 𝒂 as it should and rises to a maximum of 

𝟏

𝟐𝝐𝟎
𝑨 (𝟏 −

𝒂𝟐

𝑹𝟐) at the outer edge.  

Outside the sphere the field behaves as if there were a point charge of 𝟐𝝅𝑨(𝑹𝟐 − 𝒂𝟐) at the 

centre i.e. it follows an inverse square law according to 𝑬 =
𝟏

𝟒𝝅𝝐𝟎
.

𝟐𝝅𝑨(𝑹𝟐−𝒂𝟐)

𝒓𝟐 =
𝟏

𝟐𝝐𝟎

𝑨𝑹𝟐

𝒓𝟐 (𝟏 −
𝒂𝟐

𝑹𝟐) 

which has agrees with the result at the outer edge as it should.  

A plot of the field strength vs. distance from the centre is thus:  
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Notice that though the three parts match at 𝒓 = 𝒂 and 𝒓 = 𝑹 there are breaks in slope at these 

points, i.e. the derivatives aren’t smooth viz. the field is not described by one single function. 

This is because the charge density also has discontinuities at these points.  

 

8. A spaceship lands on a spherical planet of size comparable to the Earth and approximately uniform 

density. During the final few metres of descent before landing on the planet the gravitational field 

strength is observed to increase at a rate of 5.0 μNkg−1m−1. Use Gauss’s law to estimate the density and 

mass of the planet.   

Using 𝛁 ∙ 𝒈 = −𝟒𝝅𝑮𝝆 for Gauss’s law for gravity, if the planet is uniform and spherical the field 

is radial and the spacecraft moves towards the centre during its landing. This essentially renders 

the motion to be one dimensional and a simplified version of the equation makes the divergence 

of the field into a simple first derivative with distance i.e. 
𝒅𝒈

𝒅𝒛
= −𝟒𝝅𝑮𝝆 where 𝒛 is the (positive) 

distance from the centre of the planet. The question tells us that 
𝒅𝒈

𝒅𝒛
= −𝟓. 𝟎 𝛍𝐍𝐤𝐠−𝟏𝐦−𝟏.  

So the density of the planet is given by −
𝒅𝒈

𝒅𝒛

𝟒𝝅𝑮
≈ 𝟓, 𝟗𝟕𝟎 𝐤𝐠𝐦−𝟑.  

And the mass of the planet is given by 𝝆𝑽 = −
𝒅𝒈

𝒅𝒛

𝟒𝝅𝑮
.

𝟒

𝟑
𝝅𝑹𝟑 = −

𝒅𝒈

𝒅𝒛
𝑹𝟑

𝟑𝑮
≈ 𝟔. 𝟒𝟔 × 𝟏𝟎𝟐𝟒 𝐤𝐠 using a 

radius of 𝟔. 𝟑𝟕 × 𝟏𝟎𝟔 𝐦 as a size comparable to the Earth.   

 

9. Starting from the integral form of Gauss’s law for gravity show how Newton’s law for gravity can be 

derived.  

The integral form of Gauss’s law for gravity states that ∬ 𝒈. 𝒅𝑨
𝑺

= −𝟒𝝅𝑮𝒎 where 𝒎 is the 

average density inside the surface under analysis.  
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Considering a point charge with a Gaussian sphere of radius 𝒓 surrounding it. Making the 

assumption that the field is spherically symmetric (it can’t be done without this assumption) the 

left hand side of the equation becomes ∬ 𝒈. 𝒅𝑨
𝑺

= 𝟒𝝅𝒓𝟐𝒈  thus 𝟒𝝅𝒓𝟐𝒈 = −𝟒𝝅𝑮𝒎  and 

therefore 𝒈 = −
𝑮𝒎

𝒓𝟐  which is Newton’s law for gravity as required.  

 

10. A lightning strike transfers 30 C of charge across a potential difference of 100 MV. Calculate how 

much energy is involved and estimate how long this much energy could power a 60 W bulb for. 

Using ∆𝑽 =
∆𝑾

𝒒
 the energy transferred is given by 𝒒∆𝑽 = 𝟑𝟎 × 𝟏𝟎𝟎 × 𝟏𝟎𝟔 = 𝟑 × 𝟏𝟎𝟗 𝐉 = 𝟑 𝐆𝐉.  

As power is energy transferred per unit time this would power the bulb for             

𝑬𝒏𝒆𝒓𝒈𝒚

𝑷𝒐𝒘𝒆𝒓
=

𝟑×𝟏𝟎𝟗

𝟔𝟎
= 𝟓 × 𝟏𝟎𝟕 𝐬 ≅ 𝟏. 𝟔 𝐲𝐞𝐚𝐫𝐬. A slightly silly calculation but it does give the idea that 

it’s a lot of energy in relative human terms.  

 

11. Consider a point 1 m away from a point charge of +1 nC. How far along the radial direction is the 

potential due to the point charge (a) 1 V higher, (b) 1 V lower.  

Using 𝑽 =
𝟏

𝟒𝝅𝝐𝟎

𝑸

𝒓
 the potential at 𝟏 𝐦 is approximately 𝟗 𝐕.  

The position where the potential is 𝟏 𝐕 higher, i.e. +𝟏𝟎 𝐕 must be a little nearer to the charge 

and is in fact at approximately 
𝟗

𝟏𝟎
 𝐦 and the position where the potential is 𝟏 𝐕 lower, i.e. +𝟖 𝐕 

must be a little further the charge and is in fact at approximately 
𝟗

𝟖
 𝐦.   

 

12. An electric field is given by 𝑬 = 2𝑥�̂� − 3𝑦2�̂� Vm−1 . What is the potential difference between        

�̂� − 2�̂� m and 2�̂� + �̂� + 3�̂� m? 

Using 𝑽 = − ∫ 𝑬 ∙ 𝒅𝒔
𝑩

𝑨
 with the fact that the work done is path independent the problem 

becomes a case of calculating the integral in moving between the two points. Consider for 

example the points in the 𝒙𝒚 plane shown below:  
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Doing the general integral is impossible but the problem can be made tractable by considering 

the work done along several integrable routes that add linearly to give a total potential difference.  

So using the figure, the total PD is the sum of the PD moving from A to B plus B to C plus C to 

D where D is three steps out of the plane of the diagram. As the electric field has no component 

in this direction the potential difference for the last step is zero so just the sum of the first two 

steps is needed.  

For the move from A to B the electric field strength along this line depends only on 𝒙. The 

component of the field in this direction is 𝑬𝒙 = 𝟐𝒙 with the potential difference between the two 

points thus being − ∫ (𝟐𝒙)𝒅𝒙
𝟐

𝟏
= −𝟑 𝐕.  

And for the move from B to C the electric field strength along this line depends only on 𝒚. The 

component of the field in this direction is 𝑬𝒚 = −𝟑𝒚𝟐 with the potential difference between the 

two points thus being − ∫ (−𝟑𝒚𝟐)𝒅𝒚
𝟏

−𝟐
= +𝟗 𝐕. 

The total PD is just the sum of these two i.e. +𝟔 𝐕.   

 

13. Show that the work done to rotate an electric dipole in a uniform electric field from a position of 

stable equilibrium to an angle of 𝜃 is 𝑝𝐸(1 − cos 𝜃). Find an expression for the work required to rotate a 

dipole about its own centre in a radial field from a point charge.  

Consider again the dipole in a uniform field of figure 2.9: 
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Using 𝜹𝑾 = 𝚪. 𝜹𝜽 for the work done in rotating an object with a torque of magnitude 𝚪 over a 

small angle, the torque on a dipole on a uniform field has magnitude 𝑬𝒑 𝐬𝐢𝐧 𝜽 so the work done 

in rotating from stable equilibrium when 𝜽 = 𝟎  to a general angle is                            

∫ 𝑬𝒑 𝐬𝐢𝐧 𝜽′ ∙ 𝒅𝜽′𝜽

𝟎
= 𝑬𝒑(𝟏 − 𝐜𝐨𝐬 𝜽) as required.  

No general expression is possible for the radial charge - try inspecting the geometry of the 

system and inspecting what the torque would be - the resulting function of angle is non-

integrable - but for the special cases of a long distance from the point charge the expression 

approximates to the above and is the dipole happens to straddle the charge the work done is zero 

as the charges move around equipotentials.  

 

14. The potential energy of a system of discrete point charges is given by 𝑈 =
1

4𝜋𝜖0
∑

𝑞𝑖𝑞𝑗

𝑟𝑖𝑗
 where the sum 

is taken over all distinct pairs of charges. Show that an equivalent expression is 𝑈 = ∑
1

2
𝑞𝑖𝑉𝑖 where the 

sum is over all the charges in the system, 𝑉𝑖 is the potential at the location of 𝑞𝑖 but does not include 𝑞𝑖 

itself. 

Consider a system of 𝑵 charges. The total electrostatic potential energy shared by the whole 

system is equal to the sum of the potential energies shared by each individual charges. This can 

be written as 

𝑼𝑻𝑶𝑻𝑨𝑳 = 𝑼𝟏𝟐 + 𝑼𝟏𝟑 + ⋯ + 𝑼𝟏𝑵 + 

                               𝑼𝟐𝟑 + ⋯ + 𝑼𝟐𝑵 + 

                                            ⋮               + 

                                                    𝑼𝑵−𝟏,𝑵 

which can be represented using the sum notation in the question.  

Any shared potential energy between two charges can be written as 𝑼𝒊𝒋 and is equivalent to the 

either the potential of charge 𝒊 at the location of charge 𝒋 multiplied by the magnitude of charge 𝒋 
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or the potential of charge 𝒋 at the location of charge 𝒊 multiplied by the magnitude of charge 𝒊. 

Both ways are equivalent.  

So an alternative way of summing the potential energy contributions is by adding all of the 

contributions of the potential of each charge at all of the others multiplied by that charge’s 

magnitude. Being careless one might write this as ∑ 𝒒𝒊𝑽𝒊 but this would involve double counting 

as it incorporates both of the either/or methods written above. The total potential energy shared 

must therefore be half this sum.  

 

15. Calculate the electrostatic potential energy stored in a nonconducting charged sphere of radius 𝑅 and 

uniform charge density +𝜌 Cm−3 . Use this result to estimate the relative difference in gravitational 

binding energy between one planet and another of double the size.  

Consider first assembling a uniform spherical shell of radius 𝒓 of charge 𝑸 and infinitesimal 

thickness 𝜹𝒓  by bringing in small parcels of charge of value 𝜹𝒒  until the whole sphere is 

assembled. At any point midway to its full creation the shell has a charge 𝒒  and the work 

required to bring in each parcel is 𝜹𝑾 =
𝒒

𝟒𝝅𝝐𝟎𝒓
𝜹𝒒.  

So the work required to fully assemble the shell, and thus the potential energy stored within is 

given by 𝑾 = ∫
𝒒

𝟒𝝅𝝐𝟎𝒓
𝒅𝒒

𝑸

𝟎
=

𝑸𝟐

𝟖𝝅𝝐𝟎𝒓
 and the potential at the surface of such a sphere is 

𝑸

𝟖𝝅𝝐𝟎𝒓
.  

A complete sphere can be considered as consisting of several such shells layered like an onion. 

If each shell has a thickness 𝜹𝒓, and thus a volume 𝟒𝝅𝒓𝟐 ∙ 𝜹𝒓 and charge 𝟒𝝅𝝆𝒓𝟐 ∙ 𝜹𝒓.  

Consider a uniformly charged sphere of radius 𝒓 with charge density 𝝆. This sphere has an 

electrostatic potential of 

𝟒

𝟑
𝝅𝒓𝟑𝝆

𝟒𝝅𝝐𝟎𝒓
=

𝝆𝒓𝟐

𝟑𝝐𝟎
 at its surface. To add another infinitesimally thin layer of 

charge of thickness 𝜹𝒓 and the same charge density to this to make the sphere larger requires an 

amount of work equal to this potential multiplied by the charge on the new layer. The new layer 

has a volume of 𝟒𝝅𝒓𝟐 ∙ 𝜹𝒓 and charge of 𝟒𝝅𝝆𝒓𝟐 ∙ 𝜹𝒓 so the amount of work required is 𝜹𝑾 =

𝝆𝒓𝟐

𝟑𝝐𝟎
∙ 𝟒𝝅𝝆𝒓𝟐 ∙ 𝜹𝒓 =

𝟒𝝅𝝆𝟐𝒓𝟒

𝟑𝝐𝟎
∙ 𝜹𝒓.  

The work required to assemble a complete sphere of radius 𝑹 is thus given by the integral from 

zero to 𝑹 of this expression i.e. 𝑾 = ∫
𝟒𝝅𝝆𝟐𝒓𝟒

𝟑𝝐𝟎
∙ 𝒅𝒓

𝑹

𝟎
=

𝟒𝝅𝝆𝟐𝑹𝟓

𝟏𝟓𝝐𝟎
 i.e. the work required to assemble 

such a sphere goes up with the fifth power of the radius.  

Similar results apply to gravity – the gravitational potential energy stored in a planet of twice the 

radius of another if they have approximately the same density is 𝟑𝟐 times as high.   
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