
EM Section 6: Flow of charge, current density and Ohm’s law 

This section looks at electric current again, and then current density, Ohm’s law, conductivity and 

resistivity. It also contains a mathematical expression of the conservation of charge as a form of the 

continuity equation.  

 

6.1 Current density 

Current density 

Recall that electric current is defined as the rate of flow of charge through a surface and is given by  

𝐼 =
𝑑𝑄

𝑑𝑡
     Equation 1.2 

To define the electric current in a physical situation the surface that the charge is flowing through must 

be clearly defined. It makes no sense to talk about the electric current at a single point as a point has 

infinitesimal size by definition.  

Now consider a current 𝐼 passing through a vector area 𝑨 with area normal �̂� such that the velocity of 

the movement of positive charge is at an angle 𝜃 to the normal as shown in figure 6.1:  

 

Figure 6.1 A current passing through a vector area 

Broadly speaking, current density is the current passing per unit area. As current can vary from place to 

place over the area a better definition considers the current density at a point as the area is made 

vanishingly small. More accurately, the current density, 𝑱, is defined as the current per unit area at a point 

in space. One way of writing the magnitude of this mathematically is  

𝐽 = lim𝐴→0
𝐼

𝐴
      Equation 6.1 

Current density is a vector quantity with SI units of Am−2 and a direction given by the direction of the 

charge flow through the point. So in figure 6.1 the direction of the current density is the same as the 

direction of the velocity of the positive charge as it passes through the infinitesimally small area.  

The average current density of a 1 mA  current flowing in a wire of diameter 0.5 mm  would be 

approximately 5.100 kAm−2 along the direction of the current.  
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 Though not written in the usual calculus format, equation 6.1 is essentially a differential equation giving 

the derivative of current with respect to area. An almost equivalent integral form of equation 6.1 which 

completely incorporates the vector nature of current density is thus  

𝐼 = ∬ (𝑱. �̂�)𝑑𝐴
𝑆

      Equation 6.2 

i.e. the surface integral of the current density across an area gives the total current through the area.  

In electromagnetism current density is a more sophisticated and useful way of studying phenomena than 

current itself. It is normally better to use current density rather than current as a starting point when 

thinking about the physics of moving charges.   

 

6.2 The continuity equation 

Now current density has been defined, with the use of vector calculus, one of the most important 

equations in electromagnetism can be derived: the continuity equation. Essentially it is merely a 

mathematical expression of the conservation of charge, but a knowledge of the equation and how to 

derive it is an important skill for any physicist to have.  

Consider a volume 𝑉 bound by a surface 𝑆 with a current 𝐼 flowing through the volume:  

 

Figure 6.2 A current flowing through a general volume 

The net current into the volume can be expressed by  

𝐼 = − ∯ 𝑱. 𝑑𝑺

𝑆

 

where the 𝑑𝑺 term incorporates all infinitesimal �̂�. 𝑑𝐴 terms over the whole surface and the minus sign 

indicates this gives the net inward current.  

Using the divergence theorem from vector calculus, this can be written  
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𝐼 = − ∭(∇. 𝑱)

𝑉

𝑑𝑉 

i.e. the net current flowing into the volume is the negative of the integral of the divergence of the 

current density over the whole volume.  

Using the definition of current this can now be written  

𝑑𝑞

𝑑𝑡
= − ∭(∇. 𝑱)

𝑉

𝑑𝑉 

Now if charge density, 𝜌, is defined as charge per unit volume, then in terms of a volume integral charge 

the charge inside a given volume is  

𝑞 = ∭ 𝜌. 𝑑𝑉

𝑉

 

and thus 

𝑑𝑞

𝑑𝑡
= ∭

𝑑𝜌

𝑑𝑡
. 𝑑𝑉

𝑉

 

Equating the two terms for rate of flow of charge within the volume thus gives                      

∭
𝑑𝜌

𝑑𝑡
. 𝑑𝑉

𝑉

= − ∭(∇. 𝑱)

𝑉

𝑑𝑉 

and hence  

∭ [
𝑑𝜌

𝑑𝑡
+ (∇. 𝑱)]

𝑉

𝑑𝑉 = 0 

For this to always be true for any volume this gives the continuity equation:  

𝑑𝜌

𝑑𝑡
+ (∇. 𝑱) = 0      Equation 6.3 

This is, in effect, statement of the conservation of charge. What it means is that the only way for the 

charge density at a point to change is for a current to flow into or out of that point.  

 

6.3 Current density as a function of charge density and number density 

Another way of writing current density is simply in terms of the charge density and the velocity of the 

particle passing through the infinitesimal area:  
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𝑱 = 𝜌𝒗  Equation 6.4a 

If the charges moving are all the same (as with electrons in a conducting wire) and have charge 𝑞 and 

number density (number per unit volume in m−3) 𝑛𝑒 then 𝜌 = 𝑞𝑛𝑒 and thus  

𝑱 = 𝑞𝑛𝑒𝒗  Equation 6.4b 

 

6.4 Back to current and Ohm’s law 

Consider a current flowing through a wire as shown below:  

 

Figure 6.3 Moving charges in a conductor 

You know that the charges generally move around in all directions but when the wire has a potential 

difference applied they tend to move according to the direction of the field. The charges’ average velocity 

along the direction of the wire at any point is known as the drift velocity, 𝒗.  

Drift velocity is a vector with units of ms−1 and has values of typically μms−1 for free electrons in 

everyday wiring and current situations (as contrasted with the electrons’ stochastic motion in 3𝐷 where 

the speeds are of the order of several kms−1.   

Using the quantities denoted on the figure in a short time 𝛿𝑡 the charges passing through the area 

shown will sweep out a volume which can be written 𝐴�̂� ∙ 𝒗𝛿𝑡.  

If the number density of charges (i.e. the scalar number per unit volume in m−3 is given by 𝑛𝑒 then the 

number of charges in this volume is 𝑛𝑒𝐴�̂� ∙ 𝒗𝛿𝑡.  

The current through the surface is defined by 𝐼 =
𝑑𝑞

𝑑𝑡
 and so in the limit of an infinitesimally small time 

the current through the surface is given by  

𝐼 = 𝑞𝑛𝑒𝐴�̂� ∙ 𝒗 = 𝜌𝐴�̂� ∙ 𝒗  Equation 6.4 

which can also be written  
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𝐼 = 𝑱. �̂�𝐴 

for a uniform current density across the area.  

We are now in a position to express Ohm’s law – 𝑉 = 𝐼𝑅 – where 𝑉 is the potential difference across a 

conductor in volts and 𝑅 the resistance in ohms – in a form more suited to electromagnetism than to 

circuits. Substituting in Ohm’s law to the above equation yields 

𝑉 = 𝑱 ∙ �̂�𝐴𝑅 

Now as resistance can be written in terms of resistivity, 𝜌 in Ωm as 𝑅 = 𝜌
𝑙

𝐴
 this can be written  

 𝑉 = 𝑱 ∙ �̂�𝜌𝑙 

And now consider just a small section of wire of length 𝛿𝑙. The equation becomes  

−𝛿𝑉 = 𝑱 ∙ �̂�𝜌(𝛿𝑙) 

with the minus sign essential as positive charges move in a direction in which potential decreases. If we 

now substitute resistivity for conductivity using 𝜎 =
1

𝜌
 with SI units of siemens (S) then this equation can 

be written  

−∇𝑉 =
𝑱

𝜎
  

and as we know the electric field is given by 𝑬 = −∇𝑉 we can finally write 

𝑱 = 𝜎𝑬  Equation 6.5 

which is a general three dimensional form of Ohm’s law. 
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