
First Year Special Relativity - Lecture 8

Energy and momentum conservation

Paul Dauncey, 25 May 2018

1 Introduction

The material in this lecture is covered in Young and Freedman, Sec. 37.8 and in McCall in
Secs. 6.3 to 6.5.

In the previous lecture, we saw that energy and momentum form a four-vector, like space and
time, and hence they also undergo Lorentz transformations. We need to check what happens in
the m = 0 case; namely for photons.

In classical mechanics, energy and momentum are conserved and this is essential for cal-
culating what happens when objects collide. The same is true relativistically. However, mass
needs to be handled quite differently.

2 Photons

As discussed in the previous lecture, no object can actually be accelerated to the speed of light
because it would take infinite energy. However, photons (being light itself) do go at the speed
of light. This is only possible because they have zero mass. In the last lecture, we found

E = γumc
2, ~pc = γu~βumc

2 so ~p = γum~u

In the case of photons, these equations need to be used carefully. As photons always go at the
speed of light, then |~u| = c and hence |~βu| = 1, i.e. ~βu is a unit vector. However, photons are
a special case in two ways; they have zero mass and always have speed c. Putting m = 0 into
the equations for E and p in terms of βu seems to imply E and p would be zero. However, with
u = c so βu = 1, then γu becomes infinite, so putting that into the equations implies E and p
would be infinite. The trick is to realise that m and γu only appear multiplied together as γum.
Although infinity times zero is not well-defined, you can roughly think of the product as being
finite. The correct way to handle this is to eliminate this product from the equations. In fact,
we already did this in writing ~βu = ~pc/E. Since ~βu is a unit vector, this means

E = |~p|c

which does indeed hold for a photon. In fact, this can also be found from the one equation in
the last lecture which had m without a factor of γu, namely

E2 = (pc)2 + (mc2)2 = (pc)2 for m = 0

Note that |~u| = c and m = 0 must both be true for photons because if only one were true, E
and ~p would be zero (if m = 0) or infinite (if |~u| = c).

The above equation raises another issue. As shown in the last lecture (and is also true
classically), for a particle with a given mass and velocity, the energy and momentum are fixed.
We have said for all photons that m = 0 and speed = c so do all photons have the same E
and p? No; they also vary in frequency f (or equivalently wavelength λ). This actually seen
most clearly if we consider Quantum Mechanics. The Planck-Einstein relation states E = hf
while the de Broglie relation states |~p| = h/λ. Hence, the photon energy and momentum are
determined by the light frequency (or equivalently wavelength). We might be worried that
Quantum Mechanics is not a relativistic theory. For the case of the photon, since E = |~p|c,

1

Mark Gill
marksphysicshelp

Mark Gill
MPH



then in Quantum Mechanics this gives hf = hc/λ, which means fλ = c as required. Hence,
Relativity is consistent with Quantum Mechanics with regard to these relations.

Some other things to note.

1. Since photons always go at the speed of light, they have no rest frame. This is not
contradictory as, since m = 0, there is no rest energy either. In fact, this means that the
kinetic energy is basically equal to the energy, so K = E for photons (although whether
kinetic energy has a well-defined meaning is not clear as there is no way to see a photon
which is not moving).

2. The above arguments for photons were purely based on them having m = 0, which then
requires requires them to have speed c. In fact, the same argument would also hold for
any particle with m = 0. We have experimentally observed one other particle with zero
mass, namely the gluon (which is like the equivalent of the photon for the strong nuclear
force), and it is assumed that there is another, namely the graviton (which would be the
equivalent of the photon for the gravitational force and would be the particle corresponding
to the quantum of the recently discovered gravitational waves). Hence, although we have
been referring to c throughout the course as the ‘speed of light’, it turns out light is not
so special; it should really be called the ‘speed of massless particles’ and photons are just
one example of such particles.

3 Units

The experimental tests of four-momentum in Special Relativity effectively all involve elementary
particles as it is technically very hard to get macroscopic objects to move at any significant
fraction of c. The particle energies involved are usually far smaller than those we experience in
our everyday experience. We will use units which are better suited to these scales than SI units.
Energies will be measured in electron-volts (eV) which is the energy acquired by an electron
(or any particle with a charge e) in accelerating through 1 V. There are also keV (103 eV), MeV
(106 eV), GeV (109 eV), etc.

The combination pc also has dimensions of energy and so can be given in the same units.
Hence, p itself is energy over c, so momentum can be written in units of eV/c (or keV/c, etc.).
Similarly, mc2 can be given in eV and hence m can be given in eV/c2. For example, in SI units
the electron mass is me = 9.11× 10−31 kg so mec

2 = 8.2× 10−14 J. Since 1 eV = 1.60× 10−19 J,
then mec

2 = 5.11× 105 eV or 0.511 MeV. Therefore me = 0.511 MeV/c2.

4 Mass conservation

Energy and momentum are conserved in all processes for an isolated system; this is due to
the fundamental properties of time and space and holds both classically and relativistically.
However, mass needs to be reconsidered. In classical mechanics, the sum of the masses

∑
imi

of the objects in an isolated system is also a conserved quantity. No matter how the objects
are combined or broken up, the mass for each piece is fixed (even down to the level of the
atoms if broken up that much) and so the sum of the masses stays the same. This is actually
independent of energy and momentum conservation and classically just seems to be a basic
property of matter.

However, E = mc2 shows that mass and energy are two aspects of the same thing and in
fact each can be converted into the other. This means that the sum of the masses will not in
general be conserved in reactions. This only appears to be true in classical physics because the
changes in mass are so small; again classical physics is an approximation to the exact relativistic
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theory. Because at low energies we can only rearrange the electrons and nuclei and don’t change
the numbers or types of the basic particles, almost all the rest mass energy remains “locked up”
and cannot be seen classically.

In what initially sounds like a contradiction to the above, there is a mass quantity which is
conserved. This is the total mass mT defined through the equation

E2
T = p2T c

2 +m2
T c

4 so mT =

√
E2
T − p2T c2

c2

where ET and ~pT are the total energy and momentum. Since ET and ~pT are conserved, then
clearly mT will be as well. Note that mT is defined using the total energy and momentum and
is not the sum of the individual particle masses; mT 6=

∑
imi. It is usually the case that mT

does not correspond to the mass of any physical particle in the system.

5 Particle decay

We will consider a simple example of the above which is also an extreme case in terms of masses.
The Higgs boson was discovered in 2012 at CERN and one of the main decay modes in which
it was observed was its decay to two photons; H → γγ. (Note, γ is the standard symbol for
a very high energy photon; do not confuse this with the Lorentz transformation parameter!)
Hence, before the decay occurs, there is a Higgs boson which has a mass of mH = 126 GeV/c2

(which is around 130 times the proton mass). After the decay, we have two photons which both
have zero mass. It is clear the initial particle mass is certainly not equal to the sum of the two
final particle masses. The Higgs mass has been converted (using E = mc2) into energy and this
energy is carried by the photons.

Consider this decay in the Higgs rest frame as shown in Fig. 1. The total four-momentum is
then just the Higgs four-momentum and so (ET , ~pT ) = (EH , ~pH) = (mHc

2,~0). To keep the total
momentum zero, the two photons must be moving back-to-back with the same magnitude of
momentum and hence, since E = |~p|c, they have the same energy Eγ . Therefore ET = mHc

2 =
2Eγ so Eγ = mHc

2/2 = 63 GeV. The photons equally share the energy created from the Higgs
mass in this frame. The total energy (ET = mHc

2) and momentum (~pT = ~0) are unchanged so

mT =

√
E2
T − p2T c2

c2
= mH

is true both before and after the decay.
In a frame where the Higgs is moving, then the calculation can get very complicated as

the photons can come off at arbitrary angles with respect to the direction of motion of the
Higgs. The photon energies will not then be equal. However, the total four-momentum is still
conserved, so

ET = EH = Eγ 1 + Eγ 2 and ~pT = ~pH = ~pγ 1 + ~pγ 2

still holds. Clearly the invariant of the Higgs four-momentum, and hence also the total four-
momentum, is (mT c

2)2 = (mHc
2)2 as always. Critically, because the sum of two four-vectors is

also a four-vector, then the invariant of the sum of the two photon four-momenta is also (mHc
2)2.

This is in fact how the discovery of the Higgs was achieved. The Higgs lives for too short a
time to be observed in a particle detector directly, but when it decays to two photons, these are
easily detected and their energies and positions measured. By calculating the four-momentum
of each photon and adding the two to give the total four-momentum, then the total invariant,
and hence mT , can be found from this. This should be consistent with mH if the two photons
came from a Higgs, and indeed an excess at a mass of 126 GeV/c2 was found.
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Figure 1: Particles both before and after the decay of a Higgs to two photons H → γγ in the
rest frame of the Higgs.

In the more general case, a particle can decay to two ‘daughter’ particles with unequal
masses. For example this could be a large nucleus undergoing alpha decay to result in a smaller
nucleus and the alpha particle. If the decaying particle has mass m0 and the daughter particles
have m1 and m2, then we need m0 ≥ m1 +m2 as otherwise there would not be enough energy
to create the two daughter particles.

Again, consider the situation in the decaying particle rest frame. The initial energy is
E = m0c

2 and initial momentum ~p = 0. After the decay, energy conservation requires

E1 + E2 = m0c
2 (1)

The two daughter particles must again be back-to-back to conserve momentum, i.e. ~p2 = −~p1
so p22 = p21. Their momenta magnitudes are related to their energies by

p21c
2 = E2

1 −m2
1c

4, p22c
2 = E2

2 −m2
2c

4

so momentum conservation requires

E2
1 −m2

1c
4 = E2

2 −m2
2c

4

This means
E2

1 − E2
2 = (E1 + E2)(E1 − E2) = m2

1c
4 −m2

2c
4

Using Eqn. 1 this becomes

E1 − E2 =
m2

1c
4 −m2

2c
4

m0c2
(2)

Taking the sum and difference of Eqns. 1 and 2 gives

E1 =
m0c

2

2
+
m2

1c
4 −m2

2c
4

2m0c2
=
m2

0c
4 +m2

1c
4 −m2

2c
4

2m0c2

and

E2 =
m0c

2

2
− m2

1c
4 −m2

2c
4

2m0c2
=
m2

0c
4 +m2

2c
4 −m2

1c
4

2m0c2

Note, the equation is symmetric under interchange of 1↔ 2, as would be expected. From these,
the momenta can be calculated using the initial equations above but is quite messy. Note that
the particle with the higher mass gets more total energy than m0c

2/2 while the lower mass
particle gets less total energy. If the two decaying particles are the same type, so m1 = m2, then
E1 = E2 = m0c

2/2, as would be expected by symmetry.
The kinetic energy of the outgoing particles can in principle be accessed e.g. by letting them

collide with some material and causing heating. The maximum amount of usable ‘liberated’
energy in the rest frame is clearly K1 +K2 = (m0 −m1 −m2)c

2.
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