
Friday 10th March 2017
(Answers available on Monday 20th March)

Quantum Physics Problem Sheet 6

1. A quantum harmonic oscillator comprises an infinitely massive particle bound to an atom
of mass 10mp by a bond with a stiffness constant k = 66Nm−1.

(a) What is the angular frequency of the oscillation if this is considered as a classical
oscillator?

(b) What is the minimum energy of this system, i.e. when it is in the lowest quantum state?

(c) What is the frequency of transitions between neighbouring excited states of the oscil-
lator?

(d) Sketch the qualitative form of the probability distributions of the n=0 and n=2 state of
this oscillator.

2. A molecule of H2 has a bond between the two nuclei that can be well approximated by a
simple harmonic oscillator potential with a stiffness constant k = 512 Nm−1.
(a) What is the natural vibration frequency of the H2 molecule?
(b) What is the energy of the lowest vibrational state of H2?

3. When a short-lived excited state of an atom or molecule decays to the ground state, the
wavelength of the photon emitted is uncertain. What is the minimum energy uncertainty
(often called the linewidth), measured in eV, of photons emitted from a state whose lifetime
is 2.6× 10−10s?

4. In 1935, Yukawa proposed that the nuclear force arises through emission of an unknown
virtual particle, a pion, by one of the nucleons and its absorption by the other.

(a) Assuming that ∆E∆t ' h̄, relate the lifetime of the virtual pion to its mass m. Hence
show that the distance travelled by the pion during its lifetime is unlikely to exceed h̄/mc.

(b) Given that the range of the nuclear force is approximately 1.4×10−15m, estimate m in
MeV/c2. [When the pion was finally discovered, its mass was found to be' 140MeV/c2,
so we are lucky that our estimate (should) be so close to this].

5. An infinite square well is described by the potential

V (x) =

{
0 0 < x < d ,
∞ otherwise .
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(a) Verify that the energy eigenfunctions for the region of space inside the well have the
form

Φn(x) = A sin(nk0x)

Where n = 1, 2, 3, ... is an integer and derive an expression for k0, the wavevector of the
n=1 ground state.

(b) Write down an expression for the effective wavevector or the nth state, and then derive
an expression for the confinement energy of the state.

(c) A "‘Quantum Well"’ is made into a detector for infrared light of wavelength 5 microns.
It is fabricated from a semiconducting crystal (GaAs) in which electrons behave as if they
have an effective mass m∗ of 0.067me. It works when incoming light has the correct pho-
ton energy to excite an electron from the n = 1 to n = 2 level. Calculate the appropriate
thickness, d, of the quantum well in this case.

(d) Derive an expression for the normalisation constant A. What is the position expectation
value for the ground state?

6. An equal superposition of the ground and first excited states of a QHO is created at time
t = 0.

(a) Write down the wavefunction at t = 0 in terms of the normalised ground and first
excited states functions of a QHO, with n=0 and n=1 respectively, which you can take to
be u0(x) and u1(x).

(b) What is the wavefunction at some later time t?

(c) By considering the temporal evolution of the components of the superposition what is
the earliest time at which the wavefunction will look identical to the state at t = 0?

(d) Derive an expression for the evolution of 〈x〉.

Assessed Problem

7. A molecule of CO has a bond between the carbon atom (atomic mass 12) and the oxygen
atom (atomic mass 16) that can be well approximated by a simple harmonic oscillator
potential with a stiffness constant k = 1857 Nm−1.
(a) What is the natural vibration frequency of this molecule? [1 mark]
(b) What is the energy of the lowest vibrational state of CO? [1 mark]
A CO molecule is prepared at time t = 0 in an equally weighted superposition of the
lowest (n=0) and the excited (n=2) vibrational state which we can write as u0(x) and
u2(x) respectively.
(c) Write down the normalized wavefunction of this superposition state at time t = 0.

[2 marks]
(d) What is the energy expectation value 〈E〉 of this superposition state? [3 marks]
(e) For the system prepared as described in (ii) how long must it evolve before it returns to
an identical state to that at t = 0? [3 marks]
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Tutorial Problem

8. The normalised wavefunction Ψ(r, t) of a particle moving in three dimensions has the
following probability interpretation

|Ψ(r, t)|2dV = probability that the particle is in a volume element dV at r.

The (unormalised) ground-state wavefunction of the electron in a hydrogen atom is

Ψ(r, t) = exp(
−r
a0

) exp(
−iE0t

h̄
)

where a0 = 5.3× 10−11m is the Bohr radius and E0 = 13.6eV is the ground-state energy.

(a) Show that the electron probability density is independent of time. Where is the proba-
bility density largest?

(b) Write down the normalisation condition that must be satisfied by any wavefunction
consistent with the probability interpretation described above. Show that the normalised
ground-state wavefunction is

Ψ(r, t) =
1√
πa30

exp(
−r
a0

) exp(
−iE0t

h̄
)

Hint: you will have to evaluate the integral∫ ∞
0

exp(
−2r

a0
)4πr2dr

You may assume that ∫ ∞
0

pn exp(−p)dp = n!

(c) A measurement is made of the electron position r. Write down an expression for the
probability that the electron is found in the spherical shell with inner radius r and outer
radius r+dr. Hence show that the most probable distance of the electron from the nucleus
is a0. How can you reconcile this result with the position maximum found in part (a)?

(d) Show that the mean distance of the electron from the nucleus is 3a0/2 and that the the
rms distance is

√
3a0.

(e) Show that the probability of finding the electron on top of the nucleus, which you may
assume has a radius 10−15m, is approximately 9× 10−15.
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Physical Constants

me ≈ 9.11× 10−31 kg ≈ 511 keV/c2

mn ≈ 1.67× 10−27 kg
atomic mass unit ≈ 1.66× 10−27 kg

h ≈ 6.63× 10−34 Js
h̄ ≈ 1.05× 10−34 Js
c ≈ 3.00× 108 ms−1

e ≈ 1.60× 10−19 C
kB ≈ 1.38× 10−23 JK−1

NA ≈ 6.02× 1023

RH ≈ 1.097× 107 m−1

ε0 ≈ 8.85× 10−12 C2J−1m−1
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