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In the lectures we saw that a linear restoring force results in simple harmonic motion. We
also saw that this is indeed the case about any stable equilibrium point, provided that we
restrict ourselves to small oscillations. This is one of the reasons why simple harmonic
motion is so important. It is extremely common in a wide range of physical situations.

However, what happens when we do not have small oscillations? A mechanical spring is
only linear within a certain range beyond which Hooke’s law starts to break down. The
approximation sin θ ≈ θ in the derivation of SHM for a pendulum is only valid for small θ.
In these cases, the motion is no longer simple harmonic; it becomes anharmonic. For a
one-dimensional system, the resulting oscillations are still periodic, but rather than having a
single harmonic component cosωt , we also have higher harmonics present cos nωt , where
n = 2, 3, 4, .... However, using Fourier series, even this can be treated as a superposition
of harmonic oscillations — so we don’t have to abandon our harmonic oscillator description
completely.

Figure 1: Anharmonic oscillator. The anharmonic oscillator displacement has higher har-
monics, cos(nωt) in addition to the fundamental cos(ωt). The period of the anharmonic
oscillator in general is dependent on the amplitude and is different to the small displace-
ment (harmonic) period 2π/ω0.

A second consequence of the non-linearity is that the period of the oscillation is no-longer
independent of the amplitude of the oscillations. For example, in the case of the pendulum
the period increases for larger oscillations.

For small amplitudes the pendulum period is given by

T0 = 2π
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For large amplitudes, a more accurate (series) approximation for the pendulum period is
given by
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where θ0 is the amplitude of the oscillation in radians.
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Figure 2: Non-linear restoring force for a
pendulum

Figure 3: Error of the linear approximation for
the period of the pendulum.

The effect is still quite small, and it can be surprising how large an angle θ is required to
give a significant alteration to the period. Even at θ0 = 20◦, which is definitely not a small
angle, the error in the period is still less than 1%.

Such non-linear behaviour can can be quite useful, for example in laser frequency doubling
we can exploit material non-linearities to produce an output with double the frequency (half
the wavelength) of the input light. However, we normally have to work quite hard to access
the non-linear regime—in many optical systems, we can assume linearity up to quite high
electric field amplitudes.
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