
Electromagnetism discussion solutions 2 

(i) Consider a non-conducting sphere of radius 𝑹 and uniform charge density 𝝆 𝐂𝐦−𝟑. Use 

Gauss’s law to find show that the magnitude of the electric field strength inside the 

sphere at a distance 𝒓 < 𝑹 from the centre is given by 𝑬 =
𝝆𝒓

𝟑𝝐𝟎
.  

Take a Gaussian surface to be a sphere of radius 𝑟 with the centre of the Gaussian surface to be 

the centre of the sphere in question.  

Use ∯ 𝑬. 𝑑𝑨
𝑆

=
𝑄

𝜖0
. As the field must be radially symmetric the field lines through the 

Gaussian surface are always perpendicular to the plane of the infinitesimal area at a point and 

thus the flux through the Gaussian surface – the left hand side of the equation – is given by 

4𝜋𝑟2𝐸.  

The charge enclosed by the Gaussian surface is the charge density multiplied by the enclosed 

volume i.e. 
4

3
𝜋𝑟3𝜌 so the right hand side of the equation is  

4

3

𝜋𝑟3𝜌

𝜖0
.  

Equating these two expressions gives the magnitude required.  

 

(ii) Explain why it is not possible to make a sensible sketch of the field lines inside the 

sphere.  

Try it and see what happens! The field line must radiate outwards to give the required direction, 

and get denser the further they get away from the centre to indicate that the field increases. This 

is not easy to draw in a way that makes things clear for anyone using the picture – and field lines 

are essentially a tool that people use for understanding the physics. If they aren’t useful then 

there’s not much purpose in having them.   

At the root of the problem is the fact that field lines must begin on positive charges and end on 

negative charges. This is fine with a few point charges dotted around, and become rapidly more 

complicated the more point charges are added. In the limiting case like this one, where there are 

no point charges and the charge distribution is continuous it does not make sense to draw the 

field lines.  

 

(iii) If sphere 𝑨 has a charge density of +𝝆 𝐂𝐦−𝟑  and sphere 𝑩 has a charge density of 

−𝝆 𝐂𝐦−𝟑  then what is the charge density of the overlapping volume shaded in the 

figure?  

Zero  
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(iv) Consider a general point 𝑷 inside the overlapping volume with displacements 𝒓𝑨 and 𝒓𝑩 

from the centres of the two spheres as indicated. Write down a simple equation relating 

the three vector displacements and thus go on to show, using the principle of 

superposition, that the field strength at any point inside the overlap is given by 𝑬 =

𝝆

𝟑𝝐𝟎
𝒅. Comment on your answer and sketch the field lines for a cross section through the 

overlapping volume.  

The displacements are related by 𝒅 = 𝒓𝑨 − 𝒓𝑩.  

The field at 𝑃  due to sphere 𝐴  is 𝑬𝑨 =
𝜌

3𝜖0
𝒓𝑨  and the field at 𝑃  due to sphere 𝐵  is             

𝑬𝑩 = −
𝜌

3𝜖0
𝒓𝑩.  

Using the principle of superposition, the total field at 𝑃  is thus                                            

𝑬𝑨 + 𝑬𝑩 =
𝜌

3𝜖0
𝒓𝑨 −

𝜌

3𝜖0
𝒓𝑩 =

𝜌

3𝜖0
(𝒓𝑨 − 𝒓𝑩).  

Using the relation for the displacements this gives the required result.  

This is a splendid relationship showing that not only does the field have a constant magnitude 

within the overlap, it also has a constant direction, which is the direction of the displacement 

linking the centre of the spheres.  

This overlap acts like a void where there is no charge at all – each increment of positive is 

cancelled by an increment of negative and drawing the field lines for this section is actually 

trivial:  

  

 

(v) In this case the charge densities cancel so it is as if there is a spherical void of charge 

within an otherwise uniform charged sphere. Can the analysis in part (iv) be applied 

now, and if so does it matter what size the spherical void takes? 

In a word “yes” the same analysis can equally well be applied with no modification.  

And in another word “no” the void can take any size, and indeed any position. Note that if the 

centre of the void coincides with the centre of the sphere then the field inside becomes zero as 

should be expected. And that if the void becomes very large then the field inside will become 

small as the magnitude of 𝑑 will need to become small as well.  
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(vi) Now consider how the analysis would apply to gravity. Using the final section from the 

notes on Gauss’s law to assist you make an educated guess as to the related equation for 

the gravitational field strength inside a cavity inside a sphere of otherwise uniform 

density. The analysis for electrostatics used charge densities of equal and opposite 

magnitude – how does this work when discussing gravity? 

If the equations are considered it should become apparent that the 
1

4𝜋𝜖0
 of electrostatics is 

equivalent to the – 𝐺 of gravity so without going through the calculation from first principles, 

the analogue of 𝑬 =
𝜌

3𝜖0
𝒅 for gravity is 𝒈 = −

4𝜋𝐺𝜌

3
𝒅 where the minus sign indicate the force 

is always towards the bulk of the solid sphere as one would expect.  

If one did derive this from first principles in the same way as with electrostatics it would involve 

the use of superposition with a sphere of negative mass. Of course, negative masses do not 

really exist, certainly not within the realms of classical physics that we are using here, though it 

is perfectly acceptable to use them as a mathematical construct in superposition problems.  

 

(vii) In the 2003 science fiction film The Core (a movie which manages to make a splendid 

hash of the physics, chemistry, biology, geology and mathematics it uses) the intrepid 

heroes find themselves tunnelling through the Earth when they encounter a large cavity 

in the mantle (known as a geode). See 

https://www.youtube.com/watch?v=6BGmQ21EekY. They fall through the cavity 

which is a few hundred metres in size and crash. At the time they are about 𝟕𝟎𝟎 𝐦𝐢𝐥𝐞𝐬 

under the surface of the Earth. Estimate the rate at which they accelerate through the 

geode.   

A lot of words for a simple finale – one just has to plug the numbers into the equation derived 

in (vi). 700 miles ≅ 1,100 km  and the Earth’s radius is 6,400 km so 𝑑 ≈ 5,300 km. Taking 

the Earth’s density as uniform (fine for a very rough calculation), its value is roughly 

5,500 kgm−3 giving an acceleration of about 8 ms−2 ≅ 0.8𝑔.   
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