
Vector Calculus Notation 1

Notation and Related Matters for 1st Year Vector Calculus

1 Derivatives

You will be used to writing a derivative df/dx of a
function f (x). Often this will be written

f ′ ≡
df
dx

For functions of more than one variable, you will
have seen partial derivatives, which also have sev-
eral notations including

∂f

∂x
≡ ∂x f ≡ fx

The notation fx should however be avoided, espe-
cially when it applies to a vector. It could be con-
fused with a component of the vector.

We will also define total derivatives in this course
for functions like f (x, y(x)) which have two depen-
dencies (x and y) but only one independent vari-
able (x). The total derivative is written using the
straight d due to the fact that it depends on a sin-
gle variable, i.e.

df (x, y(x))
dx

≡
∂f

∂x
+
∂f

∂y

dy

dx

2 Vectors

2.1 Basic Vector Notation

Vectors should be your friend by the end of the
course. There are a variety of notations that you
will see in books and on the board. Books tend
to use either boldface or overarrows (−→), but you
will also find underscores ( ) or underarrows (−→)
or wavy underscores (∼) to denote a vector, e.g.,

E or −→E or E or E
→

or
∼
E

Most of these also work in written work (blackboard,
notes, etc.) with the exception of boldface. Gen-
erally in lecture I use a wavy-underscore, e.g.,

∼
E,

to indicate that a quantity is a vector. You should
ALWAYS use an underscore, over-arrow, or some-
thing similar for something that is a vector. It is De-
partmental policy to automatically deduct marks
if you do not indicate by your notation when a quan-
tity is a vector.

2.2 Magnitude of a Vector

The magnitude of a vector is often written using
the same symbol but without the vector adornment.
Thus, for example

E ≡ |E|

This can get quite confusing on the board, as
∼
B =

B
∼̂
z or even

∼
B = B ˆ

∼
B but you should nearly always

be able to tell from the context whether something
is a vector or a scalar. Indeed, if you follow the
guidelines above, vectors will always be indicated
in some way. You can’t write, for example, B = A+2
because that tries to add and set equal scalars and
vectors.

2.3 Unit Vectors

Generically, a “hat” ( ˆ ) denotes something that is a
unit vector, i.e., has some direction and unit length.
Thus

B̂ ≡ B/|B|

Since a hat denotes a unit vector, there is no press-
ing need to also indicate independently that it is a
vector. Nonetheless, it is Imperial in-house style to
print this in exams and elsewhere as x̂ with the x
in bold to reinforce that it is a vector, and so you
should probably get into the habit of writing

∼̂
x. You

may also find places where a lower case letter is
used to indicate the unit vector associated with the
upper case letter, i.e., B = Bb so that b ≡ B̂. You
should NOT, however, assume that this notation is
universal; it will almost always be defined this way
once somewhere within the context.

Furthermore, for unit vectors associated with
particular coordinate systems, you will often see a
variety of notations., e.g.,

(x̂, ŷ, ẑ) or (î, ĵ, k̂)

and
(r̂, θ̂θθ, φ̂φφ) or (êr , êθ, êφ)

Again, all of the above may also be in bold or have
an overarrow, underscore, etc. Note that typographic
fonts don’t always have bold equivalents for all let-
ters, especially Greek ones.
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x=ρ cos Ф

y
ρ

ρ̂

Фy=ρ
sin

Ф

x

Φ̂

Figure 1: Plane polar coordinate notation.

3 Plane Polar Coordinates

Most if not all of you will have encountered plane
polar coordinates such that a vector r in the plane
is written:

r = r r̂

= x x̂ + y ŷ

with

x = r cos θ

y = r sin θ

We shall adopt the notation (ρ, φ) instead of (r , θ)
so that

r = ρ ρ̂ρρ

= x x̂ + y ŷ

with

x = ρ cos φ

y = ρ sin φ

as sketched in Figure 1. This notation is not as
common as (r , θ), although the book by Riley et al.
does use it. The (big) advantage is that when we
move from the plane to 3D cylindrical polar coordi-
nates we can retain the use of ρ to be the distance
from the z-axis, And both there and in spherical po-
lar coordinates φ will measure angles around the
z-axis. Note that ρ̂ρρ ≡ ρ̂ρρ(φ) is a function of φ, and so
is φ̂φφ ≡ φ̂φφ(φ).

4 Integrals

Another area of varying notation is integration.

4.1 Line Integrals

A line integral is an integral along a particular path
or curve C, denoted

ˆ
C

B · dr

where dr is a vector element along the path. Often,
d`̀̀ is used instead as

´
B · d`̀̀. A line integral can

be expanded in cartesian coordinates to, say,
ˆ

C
Bx dx + By dy + Bz dz

with x, y, z related by the fact that they are con-
strained to be on the path in question, or parame-
terised as x(t), y(t), z(t).

If the path in question is closed, the integral is
written ˛

C
B · dr

and moreover if there is a sense in which the closed
path must be followed, e.g., in a Right Hand Sense,
then the circle is adorned with a small arrow:‰

C
B · dr

Often, the C is omitted from the integration sign,
e.g.,

¸
instead of

¸
C or some other indication is

given of the path, e.g.,
´ b

a B · dr is the integral from
point (a) to (b) along a path that is specified else-
where. You may find books that use an ordinary
Latin letter, i.e., dl instead of the curly “ell (d`), so
don’t be surprised.

4.2 Surface Integrals

A surface integral is an integration performed over
a 2-D surface, with two integration variables. The
simplest sort is, say,

¨
R

F(x, y) dx dy

where R is some region in the x − y plane. More
generally, one would write

¨
S

F(r) dS

where dS is an area element of the surface S.
While the use of S to denote a surface is quite
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common, some books use A instead, to reinforce
the fact that the integration is over an area. In E&M
you will often encounter vector surface integrals of
the form ¨

A
E · dS

where A is some area region and dS is a vector
whose magnitude is the area of an element of the
surface and whose direction is normal to the sur-
face, i.e., dS = n̂ dS where n̂ is the unit normal
to the surface. For a simple, open surface there
are two possible directions for n̂, one pointing away
from the “top” or “bottom” of the surface. That am-
biguity is sometimes resolved by relating the direc-
tion of n̂ to the direction of a line integral around the
boundary of the surface (hence the direction on the
arrow in the closed path integration). For a Right
Handed integration, if you make the fingers of your
right hand follow in the direction of the line integral
around the boundary, your thumb will point in the
direction of the right hand normal to the surface.

Sometimes the multiple integration signs are
collapsed down to a single one, e.g.,ˆ

S
E · dS

and the dS is used to indicate the 2-D nature of
the integral. If the integral is to be carried out over
a closed surface, a circle is added to the integration
sign, as in ‹

S
E · dS or

˛
S

E · dS

Usually, for closed surfaces, the direction of n̂ is
taken to be the one that points outward from the
volume enclosed by the surface.

4.3 Volume Integrals

Volume integrals are integrated over a 3-D volume,
e.g., ˚

V
f dV ≡

˚
V

f dx dy dz

or in some other coordinate system (in which the
dV may take on a more complicated form, such
as dV = r2 sin θ dr dθ dφ in spherical polar coordi-
nates). Again, you may find this collapsed down to
a single integral sign, e.g.,

˝
f dV ≡

´
f dV

I would however encourage you to always write
down the same number of integral signs as the di-
mension of the region of integration (e.g., 3 if the
integral is over a 3-D volume).

If there’s something that you’re unsure about,
do not hesitate to ask.
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