
Surface Elements
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Figure 1: Grid formed by curves of constant u and
v which parameterise any point r on a surface S.

1 General Approach

Central to the calculation of surface integrals is no-
tion of a vector surface element dS. This is an el-
ementary piece of some arbitrary surface, defined
such that |dS| ≡ dS is equal to the area of the piece
and the direction of dS is normal to the surface.
By its definition, a surface is a 2-D object, so any
point on the surface can be parameterised in terms
of two numbers. If we call those numbers u and v
then we can use curves of constant u and constant
v to criss-cross the surface into a (not necessarily
orthogonal) grid, as sketched in Figure 1. That fig-
ure also shows the position vector r from the origin
to an arbitrary point on the surface.

If we move from a point r to a displaced point
r + dr, then we can find the differential dr using our
now familiar “mother equation” for differentials:

dr =
∂r
∂u

du +
∂r
∂v

dv (1)

From (1) we can find the vectors A and B shown
in Figure 1 corresponding to increments in u and v
respectively, since

A = dr|v=const (2)

=
∂r
∂u

du (3)

and similarly

B = dr|u=const (4)

=
∂r
∂v

dv (5)

Now the area formed by the parallelogram with adja-
cent sides A and B has area |A × B| while the cross
product itself is perpendicular to both A and B and
hence to the surface. It follows therefore that this
cross product corresponds precisely to our defini-
tion of our surface element dS. We can now write
this is several convenient forms:

dS =
(
∂r
∂u
×
∂r
∂v

)
du dv (6)

≡ N du dv (7)

= n̂ |N| du dv (8)

where n̂ is a unit vector normal to the surface.
Which of these forms to use is purely a matter of
convenience.

2 Coordinate planes as u, v

It is often convenient to locate a point on the surface
by finding the point directly beneath it on one of the
coordinate planes. That is, to write the surface as

z(x, y) = const (9)

Thiere is nothing special about the x − y plane here,
and it would be just as easy to write x(y, z) and pa-
rameterise the surface by y and z, but let’s stick to
the most familiar circumstance in (9). Here we can
find our point r on the surface as

r = x î + y ĵ + z(x, y) k̂ (10)

Applying the machinery in (6) with u = x and v = y
gives

dS =

∣∣∣∣∣∣∣∣∣
î ĵ k̂
1 0 ∂z/∂x
0 1 ∂z/∂y

∣∣∣∣∣∣∣∣∣ (11)

=
[
−(∂z/∂x) î − (∂z/∂y) ĵ + k̂

]
dx dy (12)

from which we can read off N = −(∂z/∂x) î −
(∂z/∂y) ĵ + k̂.

As a concrete example, let’s take the simple
plane 0x + y/b + z/c = 1 which re-arranges to
z = c [1 − (y/b)]. Using (10) and (12) gives

dS =
[
(c/b) ĵ + k̂

]
dx dy (13)
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Figure 2: Relationship between area dS and its
projection dAxy = dx dy onto the x − y plane.

Notice that this area is

dS ≡ |dS| =
√

1 + (c/b)2 dx dy (14)

and that obviously dS > dx dy ≡ dAxy which makes
sense; the area of the tilted area is greater than its
projection onto the x − y plane.

3 So what is this cosα stuff?

Continuing with our example, Figure 2 shows an ele-
mental piece of the plane in question and the orien-
tation of both dS and k̂. If we call the angle between
them α you can see that the area of dS is

dS = dx d` = dx
dy

cosα
=

1
cosα

dx dy (15)

But the tilted plane has z = c[1 − (y/b)] so that dz =
−(c/b) dy. And hence

cosα = dy/
√

(dy)2 + (dz)2

= dy/
√

(dy)2 + (c/b)2(dy2)

= 1/
√

1 + (c/b)2

Putting this expression for cosα into (15) recovers
(14).

So now we have two ways to find dS in terms of
its projection dAxy onto the x − y plane:

1. Parameterising the surface z(x, y) with x and
y and using our formal machinery for N, i.e.,
(12).

2. Using knowledge about the orientation n̂ of
the surface to find the angle α between the
surface and the x − y plane, i.e., between n̂
and k̂ and then using (15), from which we can
construct dS = n̂ dS.

We’ve only demonstrated this for our simple tilted
plane, in which one of the sides of the element dS
is aligned with one of the coordinate axes. But it
is quite general that given an area element dS its
projection onto the x − y plane will be k̂ · dS.

4 When to use which method

The formal N method has the advantage that it gives
us both the direction and the magnitude of dS. It can
be a bit longer to use, but it is robust and pretty fool-
proof. If it has a drawback, it is that sometimes it isn’t
easy to represent a surface explicitly by a function
z(x, y).

On the other hand, if you can find the orienta-
tion of the surface, then using the more geometric
approach via α can be easily implemented. We’ll
see later in the course that there is a way to find
n̂ for a surface given in the form f (x, y, z) = const,
namely n̂ = ∇f/|∇f |. Armed with n̂ you can compute
cosα = n̂ · k̂ and jump straight to (15) for dS and
then dS = n̂ dS.

5 Epilogue

Surface elements and integrals can be tricky. For
common surfaces (spheres, cylinders, etc.), it can
be easy to draw a picture of the surface, and of
displacements on that surface. We can then write
down, for example, that a surface element on a
cylinder has dS = ρ dφ dz ρ̂ρρ. The next handout on
curvilinear coordinates summarizes many of these
common special cases.
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