
Structure of Matter study handout 3 guidance, hints and solutions 

1. The repulsive part of the Lennard-Jones potential implies that𝑈𝑟𝑒𝑝𝑢𝑙𝑠𝑖𝑜𝑛 ∝ −
1

𝑟12 . Why might an 

exponential decay term of the form 𝑒−𝑟
𝑟0⁄  be a better (or worse) term?   

For open discussion.  

 

2. (a) Use the equipartition of energy to estimate the internal energy of a crystalline solid at room 

temperature. Use this to show that the constant volume heat capacity of a solid is 𝐶𝑉 = 3𝑁𝑘𝐵 . This is the 

Dulong-Petit law.  

This was covered in lectures.  

      (b) Calculate the classical value of the molar specific heat capacity of a solid.  

As solids do not change their volume much on heating the constant volume heat capacity is 

almost equivalent to heat capacity the molar heat capacity is                                                    

𝑪𝑽,𝒎 =
𝟑𝑵𝒌𝑩

𝒏
= 𝟑𝑵𝑨𝒌𝑩 = 𝟑𝑹 = 𝟐𝟒. 𝟗𝟒𝟒 ≈ 𝟐𝟒. 𝟗 𝐉𝐊−𝟏𝐦𝐨𝐥−𝟏.  

      (c) According the Dulong-Petit law if 27 g of aluminium at 15 °C is put in contact with 64 g of 

copper at 95 °C what final temperature will they reach?  

Aluminium has an atomic number of 𝟏𝟑 𝐠𝐦𝐨𝐥−𝟏 so 𝟐𝟕 𝐠 ≡ 𝟐. 𝟎𝟕𝟔𝟗 𝐦𝐨𝐥 and copper has an 

atomic number of 𝟐𝟗 𝐠𝐦𝐨𝐥−𝟏 so 𝟔𝟒 𝐠 ≡ 𝟐. 𝟐𝟎𝟔𝟗 𝐦𝐨𝐥. This means the block of aluminium has a 

heat capacity of 𝟓𝟏. 𝟖𝟎𝟔 𝐉𝐊−𝟏 and the copper 𝟓𝟓. 𝟎𝟒𝟗 𝐉𝐊−𝟏.  

For no energy losses the heat the flows out of the hot block equals the heat the flows into the 

cold block and this happens until the temperature is equal throughout. Without providing details 

on this stage of the calculation the final temperature comes out at                

𝑻𝒇 =
𝑪𝟏𝑻𝟏+𝑪𝟐𝑻𝟐

𝑪𝟏+𝑪𝟐
= 𝟓𝟔. 𝟐𝟏 ≈ 𝟓𝟔 °𝐂.  

 

3. Why might the triple point temperature be close to the atmospheric pressure melting/freezing point 

temperature for most substances?   

Let's first check if this is true. Phase change data in general is only measured experimentally 

i.e. there are no formulae that can be used to back out numbers and as triple points are so 

difficult to attain there just aren't comprehensive lists for all substances. I'm not sure if the triple 

point of most metals have ever been measured for example. Taking water, mercury and ethanol 

as examples of very different substances that are all liquid at room temperature, looking up 

values online:   
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For water 𝑷𝑻𝑷 ≈ 𝟎. 𝟔𝟏𝟐 𝐤𝐏𝐚, 𝑻𝑻𝑷 = 𝟐𝟕𝟑. 𝟏𝟔 𝐊 and the atmospheric pressure melting point is 

~𝟐𝟕𝟑. 𝟏𝟓 𝐊. (Note the triple point temperature is given exactly to five significant figures as it is 

defined to be this in the definition of the kelvin. The melting point is a measured value.)  

For mercury 𝑷𝑻𝑷 ≈ 𝟏. 𝟔𝟓 × 𝟏𝟎−𝟕 𝐤𝐏𝐚, 𝑻𝑻𝑷 ≈ 𝟐𝟑𝟒. 𝟐 𝐊 and the atmospheric pressure melting 

point is ~𝟐𝟑𝟒. 𝟑 𝐊. 

For ethanol 𝑷𝑻𝑷 ≈ 𝟒. 𝟑 × 𝟏𝟎−𝟕 𝐤𝐏𝐚, 𝑻𝑻𝑷 ≈ 𝟏𝟓𝟎 𝐊 and the atmospheric pressure melting point 

is ~𝟏𝟓𝟗 𝐊. 

So there is hardly any difference between the triple point temperature and the melting point 

temperature with pressure, even for mercury and ethanol where the pressure difference is huge. 

We can now note something about the standard schematic phase diagrams:  

 

The solid-liquid line is always drawn as shown above for water with a negative gradient for 

water and a positive gradient for other substances. What we now know is that, for linear scales on 

the axes, the gradients are actually near-vertical with just a very small deviation and that the 

phase diagram as shown has the off-vertical nature of the gradients considerably exaggerated!  

So why is there not much variation? Think about the interatomic potential diagram and what is 

meant by melting. Melting occurs when atoms have vibrational energy large enough to just 

about overcome the bond potential well - the potential diagram doesn't care what the external 

pressure is for this to happen so the melting point won't change much as pressure is varied. 

Melting is essentially a phenomenon that happens with little regard for the outside world.  

Solid to gas and liquid to gas phase transitions on the other hand are wholly dependent on 

external pressure! They phase change happens when the vapour pressure above the surface of 

the substance due to rapid particles exiting and returning to the surface through evaporation 



exactly equals the external pressure supplied. The gradients of these must always be positive and 

must have considerable pressure variability.   

 

4. Why do pure substances often have several stable solid phases but just one liquid and one gas phase?   

Think about what a stable solid phase means and look up different crystal structures for solids 

that can exist in different phases. Could such things ever exist for non-crystal forms?  

 

5. Sketch PT and PV phase diagrams for water.  

The PT diagram has been covered sufficiently but the thing is to produce a PV phase diagram 

that shows that water expands on cooling over a certain temperature range. With most substance 

density increases when things cool but with water, over a certain range, it expands. 

This is a bit of a trick question as one can't really represent this properly on a PV diagram. This 

is one occasion when a PVT surface is more instructive. Consider the following, pictures taken 

from https://www.slideshare.net/LarryHoward/rayegan-thermo-icengelchapter-3p1 with my 

own annotation:  

 

Consider cooling a substance starting in the gas phase with a constant external pressure. For 

the substance on the right following the arrow, the specific volume gets smaller all the time. The 

biggest shift is from the vapour to the liquid phases as one would expect. For water the specific 

volume gets smaller in the gas phase, goes through the same marked shift in the condensation 



stage and then gets smaller in the liquid phase. The path then disappears out of view on this 

orientation but it sketched anyway as if you can see through the surface. There is a little zone 

where the cooling and subsequent freezing happens but the specific volume gets greater - the 

jutting out part of the surface indicates the expansion. Water doesn't expand forever on cooling 

however and the path "turns a corner" again as specific volume reduces once more.  

 

6. Cirrus clouds are formed from high altitude ice crystals. Cumulus clouds are formed from droplets of 

liquid water. If atmospheric temperature drops with height at a rate of 6.5 °Ckm−1  estimate the 

maximum altitude at which cumulus clouds can exist.  

There are no tricks to this as we are just looking for an upper limit and not some specific height 

of transition. As water cannot exist in the liquid phase below the triple point temperature we can 

say 𝑻𝑻𝑷 = 𝑻𝒔𝒖𝒓𝒇𝒂𝒄𝒆 − 𝟔. 𝟓𝒉𝒍𝒊𝒎𝒊𝒕 where 𝒉𝒍𝒊𝒎𝒊𝒕 is the maximum height a cumulus cloud can exist 

in kilometres. So 𝒉𝒍𝒊𝒎𝒊𝒕 =
𝑻𝒔𝒖𝒓𝒇𝒂𝒄𝒆−𝑻𝑻𝑷

𝟔.𝟓
 which for a surface temperature of, say, 𝟐𝟎 °𝐂 gives a 

maximum height of about 𝟑 𝐤𝐦.  

 

7. A van der Waals gas goes through a reversible isothermal expansion. Is the work done more or less 

than an ideal gas going through the same process?  

The work done part should be easy. What about the heat supplied?  

 

8. Show that the constant volume heat capacity of a van der Waals gas is the same as that of a 

monatomic ideal gas containing the same number of molecules.  

Constant volume heat capacity is the heat supplied per unit temperature rise at constant 

volume. As, for constant volume processes, no work is done, the change in internal energy is 

equivalent for the heat supplied (why?). So we can write 𝑪𝑽 = (
𝒅𝑼

𝒅𝑻
)

𝑽
.   

For a van der Waals gas 𝑼 =
𝟑

𝟐
𝑵𝒌𝑩𝑻 − 𝒂

𝑵𝟐

𝑽
 so this gives 𝑪𝑽 𝒗𝒂𝒏 𝒅𝒆𝒓 𝑾𝒂𝒂𝒍𝒔 =

𝟑

𝟐
𝑵𝒌𝑩  as for an 

ideal gas.  

 

9. Estimate the pressure at which the finite size of oxygen molecules causes a 1 % departure from ideal 

gas behaviour at room temperature. Ignore any forces of attraction between the molecules.   



If each molecule occupies a volume 
𝟒

𝟑
𝝅𝒓𝟑 where 𝒓 is the molecule radius the percentage of the 

space, 𝒇, occupied by 𝑵 molecules in a closed system is 𝒇 =
𝟒

𝟑
𝝅𝒓𝟑𝑵

𝑽
. As 

𝑵

𝑽
=

𝑷

𝒌𝑩𝑻
 by the ideal gas 

equation this gives 𝒇 =
𝟒

𝟑
𝝅𝒓𝟑𝑷

𝒌𝑩𝑻
 and so 𝑷 =

𝒇𝒌𝑩𝑻
𝟒

𝟑
𝝅𝒓𝟑

. For oxygen with molecule of about 𝟏𝟎−𝟏𝟎 𝒎 

radius and this gives an approximate pressure for a 𝟏 % departure of about 𝟏𝟎 𝐚𝐭𝐦.  

 

10. (a) Use the van der Waals equation of state and the condition for the critical point to find 

expressions for the critical pressure, volume and temperature as a function of the van der Waals 

constants. 

The equation of state is 𝑷 =
𝑵𝒌𝑩𝑻

𝑽−𝒃𝑵
− 𝒂

𝑵𝟐

𝑽𝟐  and the condition for the critical point is (
𝝏𝑷

𝝏𝑽
)

𝑻
=

(
𝝏𝟐𝑷

𝝏𝑽𝟐)
𝑻

= 𝟎.  

Applying the first condition leads to 
𝑵𝒌𝑩𝑻

(𝑽−𝒃𝑵)𝟐 =
𝟐𝒂𝑵𝟐

𝑽𝟑  and applying the second leads to      

𝟐𝑵𝒌𝑩𝑻

(𝑽−𝒃𝑵)𝟑 =
𝟔𝒂𝑵𝟐

𝑽𝟒 . Dividing one by the other leads to  

𝑽𝑪𝑷 = 𝟑𝒃𝑵 

putting this back into the first derivative gives  

𝑻𝑪𝑷 =
𝟖𝒂

𝟐𝟕𝒌𝑩𝒃
 

and subbing into the original equation of state gives  

𝑷𝑪𝑷 =
𝒂

𝟐𝟕𝒃𝟐
 

    

 (b) Find the critical point for nitrogen given the van der Waals constants are 𝑎 ≈ 3.86 × 10−49 Jm−3 

and 𝑏 ≈ 6.49 × 10−29 m3.  

We get 𝒗𝑪𝑷 = 𝟏. 𝟗𝟓 × 𝟏𝟎−𝟐𝟖  𝐦𝟑/𝐩𝐚𝐫𝐭𝐢𝐜𝐥𝐞, 𝑻𝑪𝑷 = 𝟏𝟐𝟖 𝐊 and 𝑷𝑪𝑷 = 𝟑. 𝟑𝟗 𝐌𝐏𝐚.  

 

11. Estimate what percentage of an iceberg is submerged.  

If an object of density 𝝆𝒇 and total volume 𝑽 floats in a liquid of density 𝝆𝒍  with a volume 𝒗 

submerged then for force balance with Archimedes Principle the weight of the objects equals the 



upthrust force on it i.e.  𝝆𝒇𝑽𝒈 = 𝝆𝒍𝒗𝒈 so the fraction submerged is 
𝒗

𝑽
=

𝝆𝒇

𝝆𝒍
. This applies to 

anything.  

The density of seawater near the freezing point is about 𝟏. 𝟎𝟑 𝐠𝐜𝐦−𝟑 and the density of ice in 

icebergs is about 𝟎. 𝟗𝟎 𝐠𝐜𝐦−𝟑 giving the well-known 𝟗𝟎 % submerged figure you may well have 

heard.  

 

12. A balloon has a mass of 5 g. Estimate to what radius it must be inflated with helium gas to support 

its own weight in air at STP.  

In this case the upthrust must balance the weight of the balloon plus the weight of the helium 

so we need 𝒎𝒃𝒈 + 𝝆𝑯𝒆𝑽𝒈 = 𝝆𝒂𝒊𝒓𝑽𝒈  so 𝑽 =
𝒎𝒃

𝝆𝒂𝒊𝒓−𝝆𝑯𝒆
. Taking 𝝆𝒂𝒊𝒓 ≈ 𝟏. 𝟎 𝐤𝐠𝐦−𝟑  and            

𝝆𝑯𝒆 ≈ 𝟎. 𝟏𝟕 𝐤𝐠𝐦−𝟑 gives a volume of 𝟔. 𝟎 × 𝟏𝟎−𝟑 𝐦𝟑  with a corresponding spherical balloon 

radius of about 𝟏𝟏 𝐜𝐦.  

How good is the assumption the helium and the air are the same pressure?  

 

13. Water flows at 1.2 ms−1 in a hose pipe of radius 0.75 cm.  

 (a) Calculate the speed the water exits a nozzle of radius 0.35 cm.  

𝟓. 𝟓 𝐦𝐬−𝟏  

 (b) If the pressure of the water was 2.0 atm when it entered the pipe calculate the pressure at exit 

if the pipe is kept horizontal.  

𝟏. 𝟗 𝐚𝐭𝐦  



Assessed problem 

I mentioned in lectures, to audible consternation, that the Lennard-Jones potential has featured in the 

Structure of Matter exam almost every year in the past however this year we have decided to not include 

it. Well, guess what?! 

 

The mark breakdown is deliberately not included on the question sheet.  

 

One way of writing the Lennard-Jones potential is 

𝑈(𝑟) =
𝐴

𝑟12 −
𝐵

𝑟6 

where 𝐴 and 𝐵 are positive constants with values that depend on the atoms involved.  

 

1. Sketch 𝑈 as a function of 𝑟.  

2. Determine the value of the equilibrium separation, 𝑟0, as a function of 𝐴 and 𝐵.  

3. Determine the value of the potential at equilibrium,𝑈(𝑟0), as a function of 𝐴 and 𝐵.   

3. If the binding energy is −휀, i.e. 𝑈(𝑟0) = −휀 , show that the potential can be written in the form 

shown in lectures, i.e.  𝑈(𝑟) = 휀 {(
𝑟0

𝑟
)

12
− 2 (

𝑟0

𝑟
)

6
} .  

4. Sometimes the form of the potential is generalised with use of a general term for the attractive part of 

the potential and writing 𝑈(𝑥) =
𝐴

𝑥12 −
𝐵

𝑥𝑛 where 𝑥 =
𝑟

𝑟0
.  

(a) Find expressions for 𝐵 and 휀 as functions of 𝐴 and 𝑛 for this form of the potential.  

(b) What might the values of 𝑛 be for (i) an ionic bond, and (ii) a van der Waals bond between neutral 

particles? Compare the depths of the potential wells for both cases and comment on your answer.   

Please refer to your marked work for answers and comments.  

  



Structure of Matter tutorial discussion solutions 3 

1. Write down an expression for the number of molecules in the box with values between 𝑣𝑥 and 

𝑣𝑥 + 𝛿𝑣𝑥 and show that the number density of such molecules is 𝑛𝑝𝑓(𝑣𝑥)𝛿𝑣𝑥  where 𝑛𝑝 =
𝑁

𝑉
.  

By the definition of the probability distribution function the probability that a particle has a 

speed in this range is 𝒇(𝒗𝒙)𝜹𝒗𝒙  and so the total number in the range is 𝑵𝒇(𝒗𝒙)𝜹𝒗𝒙 . The 

number density is thus simply 
𝑵𝒇(𝒗𝒙)𝜹𝒗𝒙

𝑽
= 𝒏𝒑𝒇(𝒗𝒙)𝜹𝒗𝒙 as required.   

 

2. Considering particles travelling in the positive 𝑥 direction show that the number that hit the wall 

in time 𝛿𝑡 with the velocity range specified in (1) is given by 𝑁𝑐𝑜𝑙𝑙 = 𝑛𝑝𝑣𝑥𝑓(𝑣𝑥)𝛿𝑣𝑥𝛿𝑡𝐿2.  

The distance swept out by particles in this range in time 𝜹𝒕 is 𝒗𝒙𝜹𝒕 so the number colliding 

with the perpendicular area 𝑳𝟐 must be 𝑵𝒄𝒐𝒍𝒍 = 𝒏𝒑𝒗𝒙𝒇(𝒗𝒙)𝜹𝒗𝒙𝜹𝒕𝑳𝟐 as stated.  

 

3. Find an expression for the contribution to the pressure in the velocity range used in (1) and (2) 

and use this to show the 𝑃𝑉 = 𝑁𝑘𝐵𝑇.  

The momentum transfer of an elastic collision of a single particle with wall is 𝟐𝒎𝒗𝒙 so the 

momentum transfer of the velocity range under consideration during time 𝜹𝒕  is 

(𝟐𝒎𝒗𝒙)(𝒏𝒑𝒗𝒙𝒇(𝒗𝒙)𝜹𝒗𝒙𝜹𝒕𝑳𝟐) = 𝟐𝒎𝒏𝒑𝒗𝒙
𝟐𝒇(𝒗𝒙)𝜹𝒗𝒙𝜹𝒕𝑳𝟐.  

As force is the rate of momentum transfer the force supplied by this velocity range is thus 

𝟐𝒎𝒏𝒑𝒗𝒙
𝟐𝒇(𝒗𝒙)𝜹𝒗𝒙𝑳𝟐 and as pressure is force per unit area the pressure on the wall can be 

written 𝜹𝑷 = 𝟐𝒎𝒏𝒑𝒗𝒙
𝟐𝒇(𝒗𝒙)𝜹𝒗𝒙.  

The total pressure is given by the sum of the pressures over the range of positive 𝒙 speeds, 

which, for a large number of particles can be written               𝑷 =

∫ 𝟐𝒎𝒏𝒑𝒗𝒙
𝟐𝒇(𝒗𝒙)𝒅𝒗𝒙

∞

𝟎
= 𝟐𝒎𝒏𝒑𝑨 ∫ 𝒗𝒙

𝟐∞

𝟎
𝒆−𝜶𝒗𝒙

𝟐
𝒅𝒗𝒙.  

Using the standard integral (which would be provided in an exam) ∫ 𝒚𝟐∞

𝟎
𝒆−𝜶𝒚𝟐

𝒅𝒚 =
𝟏

𝟒
√

𝝅

𝜶𝟑 

gives 𝑷 = 𝟐𝒎𝒏𝒑𝑨
𝟏

𝟒
√

𝝅

𝜶𝟑  which, after putting in the values for the two constant and a little 

algebra, gives 𝑷 =
𝑵

𝑽
𝒌𝑩𝑻 as required.  

 



4. Use the expression for 𝑁𝑐𝑜𝑙𝑙  to show that the rate particles hit the wall per unit area is 
1

4
𝑛𝑝〈𝑣〉 

where 〈𝑣〉 = √
8𝑘𝐵𝑇

𝜋𝑚
 is the mean speed.  

The rate at which particles hit the wall per unit area for the velocity range under original 

consideration can be written 𝜹𝑹 =
𝟏

𝑳𝟐

𝒅𝑵𝒄𝒐𝒍𝒍

𝒅𝒕
≈ 𝒏𝒑𝒗𝒙𝒇(𝒗𝒙)𝜹𝒗𝒙  using the expression from (2). 

Hence the rate at which particles hit the wall over the whole forward moving range is 𝑹 =

𝒏𝒑 ∫ 𝒗𝒙𝒇(𝒗𝒙)𝒅𝒗𝒙
∞

𝟎
= 𝒏𝒑𝑨 ∫ 𝒗𝒙𝒆−𝜶𝒗𝒙

𝟐
𝒅𝒗𝒙

∞

𝟎
.  

Using ∫ 𝒚
∞

𝟎
𝒆−𝜶𝒚𝟐

𝒅𝒚 =
𝟏

𝟐𝜶
 gives 𝑹 =

𝒏𝒑𝑨

𝟐𝜶
 which leads to answer required.  
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