
Structure of Matter study handout 3 

Distributed Friday 25th May 2018.  

Covers lectures 9 - 11.   

Most of the questions in this study handout are adapted from previous lecturers’ questions. Many are 

physics standards.  

Independent study questions  

You are expected to look data up to answer some of these questions.  

1. The repulsive part of the Lennard-Jones potential implies that𝑈𝑟𝑒𝑝𝑢𝑙𝑠𝑖𝑜𝑛 ∝ −
1

𝑟12 . Why might an 

exponential decay term of the form 𝑒−𝑟
𝑟0⁄  be a better (or worse) term?   

2. (a) Use the equipartition of energy to estimate the internal energy of a crystalline solid at room 

temperature. Use this to show that the constant volume heat capacity of a solid is 𝐶𝑉 = 3𝑁𝑘𝐵. This is the 

Dulong-Petit law.  

      (b) Calculate the classical value of the molar specific heat capacity of a solid.  

      (c) According the Dulong-Petit law if 27 g of aluminium at 15 °C is put in contact with 64 g of 

copper at 95 °C what final temperature will they reach?  

3. Why might the triple point temperature be close to the atmospheric pressure melting/freezing point 

temperature for most substances?   

4. Why do pure substances often have several stable solid phases but just one liquid and one gas phase?   

5. Sketch PT and PV phase diagrams for water.  

6. Cirrus clouds are formed from high altitude ice crystals. Cumulus clouds are formed from droplets of 

liquid water. If atmospheric temperature drops with height at a rate of 6.5 °Ckm−1  estimate the 

maximum altitude at which cumulus clouds can exist.  

7. A van der Waals gas goes through a reversible isothermal expansion. Is the work done more or less 

than an ideal gas going through the same process?  

8. Show that the constant volume heat capacity of a van der Waals gas is the same as that of a 

monatomic ideal gas containing the same number of molecules.  

9. Estimate the pressure at which the finite size of oxygen molecules causes a 1 % departure from ideal 

gas behaviour at room temperature. Ignore any forces of attraction between the molecules.   
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10. (a) Use the van der Waals equation of state and the condition for the critical point to find 

expressions for the critical pressure, volume and temperature as a function of the van der Waals 

constants. 

    (b) Find the critical point for nitrogen given the van der Waals constants are 𝑎 ≈ 3.86 ×

10−49 Jm−3 and 𝑏 ≈ 6.49 × 10−29 m3.  

11. Estimate what percentage of an iceberg is submerged.  

12. A balloon has a mass of 5 𝑔. Estimate to what radius it must be inflated with helium gas to support 

its own weight in air at STP.  

13. Water flows at 1.2 𝑚𝑠−1 in a hose pipe of radius 0.75 𝑐𝑚.  

 (a) Calculate the speed the water exits a nozzle of radius 0.35 𝑐𝑚.  

 (b) If the pressure of the water was 2.0 𝑎𝑡𝑚 when it entered the pipe calculate the pressure at 

exit if the pipe is kept horizontal.  

  



Assessed problem 

I mentioned in lectures, to audible consternation, that the Lennard-Jones potential has featured in the 

Structure of Matter exam almost every year in the past however this year we have decided to not include 

it. Well, guess what?! 

 

The mark breakdown is deliberately not included on the question sheet.  

 

One way of writing the Lennard-Jones potential is 

𝑈(𝑟) =
𝐴

𝑟12
−

𝐵

𝑟6
 

where 𝐴 and 𝐵 are positive constants with values that depend on the atoms involved.  

 

1. Sketch 𝑈 as a function of 𝑟.  

2. Determine the value of the equilibrium separation, 𝑟0, as a function of 𝐴 and 𝐵.  

3. Determine the value of the potential at equilibrium,𝑈(𝑟0), as a function of 𝐴 and 𝐵.   

3. If the binding energy is −휀, i.e. 𝑈(𝑟0) = −휀, show that the potential can be written in the form 

shown in lectures, i.e.  𝑈(𝑟) = 휀 {(
𝑟0

𝑟
)

12
− 2 (

𝑟0

𝑟
)

6
} .  

4. Sometimes the form of the potential is generalised with use of a general term for the attractive part of 

the potential and writing 𝑈(𝑥) =
𝐴

𝑥12 −
𝐵

𝑥𝑛 where 𝑥 =
𝑟

𝑟0
.  

(a) Find expressions for 𝐵 and 휀 as functions of 𝐴 and 𝑛 for this form of the potential.  

(b) What might the values of 𝑛 be for (i) an ionic bond, and (ii) a van der Waals bond between neutral 

particles? Compare the depths of the potential wells for both cases and comment on your answer.   

  



Tutorial discussion problem 3  

Earlier in the course the ideal gas equation of state was derived by considering elastic collisions of gas 

molecules with the walls of their container. The average speed of the particles was fudged by simply 

assuming an average value would work without proper justification. This problem better addresses the 

issue with use of the Maxwell-Boltzmann distribution. It is adapted from on the discussion problems used 

by previous lecturers.  

Consider a box of volume 𝑉  containing a large number, 𝑁 , particles with the 𝑥-component of the 

distribution of speeds given by the 𝑓(𝑣𝑥) = 𝐴𝑒−𝛼𝑣𝑥
2
 where 𝐴 = √

𝑚

2𝜋𝑘𝐵𝑇
 and 𝛼 =

𝑚

2𝑘𝐵𝑇
. The positive 𝑥-

axis points towards the wall. The wall has side 𝐿.    

 

Questions 

1. Write down an expression for the number of molecules in the box with values between 𝑣𝑥 and 

𝑣𝑥 + 𝛿𝑣𝑥 and show that the number density of such molecules is 𝑛𝑝𝑓(𝑣𝑥)𝛿𝑣𝑥 where 𝑛𝑝 =
𝑁

𝑉
.  

 

2. Considering particles travelling in the positive 𝑥 direction show that the number that hit the wall in 

time 𝛿𝑡 with the velocity range specified in (1) is given by 𝑁𝑐𝑜𝑙𝑙 = 𝑛𝑝𝑣𝑥𝑓(𝑣𝑥)𝛿𝑣𝑥𝛿𝑡𝐿2.  

 

3. Find an expression for the contribution to the pressure in the velocity range used in (1) and (2) and 

use this to show the 𝑃𝑉 = 𝑁𝑘𝐵𝑇.  

 

4. Use the expression for 𝑁𝑐𝑜𝑙𝑙  to show that the rate particles hit the wall per unit area is 
1

4
𝑛𝑝〈𝑣〉 

where 〈𝑣〉 = √
8𝑘𝐵𝑇

𝜋𝑚
 is the mean speed.  
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