
Structure of Matter study handout guidance, hints and solutions 1 

1. A steel ball floats in mercury. Does it rise or sink as their common temperature is increased?  

This is to do with the volumetric thermal expansion coefficients of the materials. Steel is an 

alloy which has a range of values depending on the exact composition covering roughly 𝟑𝟎 →

𝟒𝟎 𝛍𝐊−𝟏 at room temperature. Mercury is an element so has a fixed value of ~𝟏𝟖𝟎 𝛍𝐊−𝟏 at room 

temperature. This is much higher than any type of steel meaning the mercury goes through a 

more marked reduction in density than the steel and thus the steel will sink a little bit.  

 

2. What are the pros and cons of the Celsius and Kelvin temperature scales?  

For open discussion.  

 

3. A cube of side 10 cm is filled with oxygen at 0 °C at 1 atm. It is sealed and has its temperature raised 

to 30 °C. What is the force exerted by the gas on each side of the box?  

As the volume and amount are constant we can use 𝑷 ∝ 𝑻 being careful to recognise the 

temperature must be given in kelvin. The pressure rises to 𝟏. 𝟏𝟎𝟗𝟗 𝐚𝐭𝐦 ≡ 𝟏𝟏𝟐. 𝟏𝟎 𝐤𝐏𝐚 which 

gives a force on each cube side of ~𝟏. 𝟏𝟐 𝐤𝐍.    

 

4. The Eiffel tower is made of steel and is 320 m high at 20 °C. What is the difference in height over 

the temperature range −20 °C → 35 °C?  

Another expansion coefficient problem for steel but as we are concerned in a linear expansion 

only we need the linear coefficient which is about one third of the volumetric coefficient. Taking 

a value of 𝟏𝟐 𝛍𝐊−𝟏 gives a cold day shrinkage of about 𝟏𝟓 𝐜𝐦 and a warm day growth of 𝟔 𝐜𝐦 

for a complete annual variance of about 𝟐𝟏 𝐜𝐦.  

(Update - I have just looked up the Eiffel Tower and apparently it is made of a form of wrought iron, not 

steel. Though the expansion coefficient is nearly the same.)  

 

5. A hot air balloon has a volume of 1,200 m3. The ambient air temperature is 15 °C and the pressure 

is 1 atm. To what temperature must the air in the balloon be raised to lift 200 kg? Take the effective 

molecular mass of air molecules to be 29 gmol−1. 

It is a bit cheeky having this problem in the first set as it uses Archimedes Principle which isn't 

covered in the course until later on but I suspect most students know it anyway. The principle, as 
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applied to this specific problem, states that to create the lift the weight of the displaced air due to 

a volume increase of the balloon must equal the weight of the 𝟐𝟎𝟎 𝐤𝐠. In equation form we can 

write 𝒎𝒈 = 𝝆𝒂𝒊𝒓∆𝑽𝒃𝒂𝒍𝒍𝒐𝒐𝒏𝒈 so  𝒎 = 𝝆𝒂𝒊𝒓∆𝑽𝒃𝒂𝒍𝒍𝒐𝒐𝒏.  

We could just look up the density of air now but the information supplied in the problem 

suffices to provide it: using 𝑷𝑽 = 𝒏𝑹𝑻 gives an amount air in the balloon as 𝒏 = 𝟓𝟎, 𝟔𝟒𝟎 𝐦𝐨𝐥 

and using the effective molecular mass provided this tells us the mass of air in the balloon is 

𝟏, 𝟒𝟔𝟖 𝐤𝐠, and thus the original density of the air in the balloon is 𝟏. 𝟐𝟐𝟑 𝐤𝐠𝐦−𝟑 (which is 

roughly what you will find if you look up the value). 

This gives a volume increase of 𝟏𝟔𝟑. 𝟓 𝐦𝟑 i.e. a final volume of 𝟏, 𝟑𝟔𝟎 𝐦𝟑. As the outside 

pressure is constant we can say 𝑻𝒇 =
𝑽𝒇

𝑽𝒊
𝑻𝒊 giving a final temperature for lift of 𝟑𝟐𝟕. 𝟐 𝐊 ≅ 𝟓𝟒 °𝐂.  

Though not asked for we can also get a value for the amount of energy required for the balloon: 

the constant pressure heat capacity of air is roughly 𝟏 𝐤𝐉𝐤𝐠−𝟏𝐊−𝟏 which gives an tells us an 

energy input of 𝟓𝟕 𝐌𝐉 is needed. The heat of combustion of gases like propane and butane is 

about 𝟓𝟎 𝐌𝐉𝐤𝐠−𝟏 so even though this might sound like a lot only a kilogram or so of fuel would 

be needed.  

  

6. Why is being in air at 15 °C quite pleasant to humans but being in water at 15 °C not nice at all?  

If this seems surprising to you then try getting into a bath of water that has been left to reach 

thermal equilibrium with the air and see how long you want to stay in there! The human body 

maintains a constant temperature of 𝟑𝟕 °𝐂 so, by the second law of thermodynamics, heat will 

flow outwards. The more rapidly the heat flow. Air has a thermal conductivity of roughly 

𝟏

𝟓𝟎
 𝐖𝐦−𝟏𝐊−𝟏 whereas water has a value about 𝟑𝟎 times greater so the rate of heat flow is much 

greater for the water. There are other small effects as well but this is the most marked.  

 

7. A 20 g lead bullet at room temperature is fired into a large wooden block at 350 ms−1 . What 

percentage of its kinetic energy would have to be converted into internal energy of the bullet to see it start 

to melt?  

To answer this we need to know the specific heat capacity of lead - 𝟏𝟐𝟖 𝐉𝐤𝐠−𝟏𝐊−𝟏 - and its 

melting point at atmospheric pressure - 𝟑𝟐𝟖 °𝐂. To raise the bullet to its melting point would 

require 𝟕𝟖𝟖. 𝟓 𝐉 of energy. The bullet as a kinetic energy of 𝟏, 𝟐𝟐𝟓 𝐉 so about 𝟔𝟒% would need to 

be transferred. I personally have no practical knowledge of ballistics but have understand that 

bullets melting on impact is something that does happen.  



 

8. A system absorbs 35 J of heat and in the process does 11 J of work. If the initial internal energy is 

205 J what is the final internal energy? If the system reached the same final state by a different path but 

did 15 J of work what would be the heat transferred?  

This is just straightforward use of the first law of thermodynamics (or simply the conservation 

of energy if you like) giving 𝟐𝟐𝟗 𝐉 and 𝟑𝟗 𝐉.  

 

9. The rate of increase of temperature with depth in the Earth's crust is 30 °Ckm−1. What is the rate of 

heat flow per unit area at the Earth's surface given the thermal conductivity of crustal rock is 

approximately 1 Wm−1K−1?  

Using 
∆𝑸

∆𝒕
= −𝝀𝑨

∆𝑻

∆𝒙
 means the magnitude of the heat flow per unit area is simply 

𝟏

𝑨

∆𝑸

∆𝒕
= 𝝀

∆𝑻

∆𝒙
 

giving the rate of heat flow per unit area as 𝟑𝟎 𝐦𝐖𝐦−𝟐 - this value of is fairly typical for non-

tectonically active regions of the Earth's continental crust. For the oceanic crust the value is a 

little higher and for tectonically active regions that value can be one or even two orders of 

magnitude greater.  

 

10. Hot fluid passes through a solid cylindrical pipe of inner radius 𝑎 and outer radius 𝑏. Show that the 

rate of heat conduction per unit length through the wall of the pipe is 
1

𝐿

𝑑𝑄

𝑑𝑡
=

2𝜋𝜆(𝑇𝑎−𝑇𝑏)

ln(𝑏
𝑎⁄ )

 where  𝜆 is the 

thermal conductivity of the pipe material and 𝑇𝑎 and 𝑇𝑏 are the temperatures on the inside and outside of 

the pipe.  

The key thing to recognise here is that this is a heat conduction problem with radial symmetry: 

the inside radius is at fixed hot temperature and the outside at a fixed cold temperature so heat 

conducts from inside to out. We need to use 
∆𝑸

∆𝒕
= −𝝀𝑨

∆𝑻

∆𝒙
 to solve it and recognise that, from the 

conservation of energy, if we are at an any arbitrary radius 𝒓 inside the pipe wall, the value of 
𝒅𝑸

𝒅𝒕
 

through that radius is a constant value. If we consider the heat flow through a section of pipe of 

length 𝑳, at radius 𝒓 and of small radial thickness 𝜹𝒓 we can thus write 
𝒅𝑸

𝒅𝒕
= −𝝀𝟐𝝅𝒓𝑳

𝜹𝑻

𝜹𝒓
 where as 

𝟐𝝅𝒓𝒍 is the area of the cylinder through which the heat flows.  

This rearranges to give 
𝒅𝑸

𝒅𝒕

𝜹𝒓

𝒓
= −𝝀𝟐𝝅𝑳𝜹𝑻 which can then be integrated over the thickness of 

the pipe as 
𝒅𝑸

𝒅𝒕
∫

𝒅𝒓

𝒓

𝒃

𝒂
= −𝝀𝟐𝝅𝑳 ∫ 𝒅𝑻

𝑻𝒃

𝑻𝒂
 which solves to give the required result.  

 



11. Is it possible to transfer heat to a gas without raising its temperature?  

This is what happens in an isothermal expansion or compression. Every joule of energy that 

enters the gas (in an expansion) immediately goes into doing work on the atmosphere.  

 

12. Suppose collisions between molecules in a gas were not elastic. What would happen?  

An elastic collision is one where kinetic energy is conserved. If kinetic energy was not 

conserved in collisions between particles the energy would have to go somewhere - it could be 

radiated out as heat or stored somehow I suppose. Either way the gas molecules would thus slow 

down and the temperature would fall. However, we simply don't observe gases spontaneously 

reducing in temperature while energy is either radiated or stored somehow which is evidence in 

favour of the assumption the collisions are elastic.   



Assessed problem 

1. Some regions of interstellar space are made up of hydrogen atoms with a density of one particle per 

cubic centimetre at a temperature of approximately 3 K. The pressure in these regions is approximately  

(a) 4 × 10−17 Pa 

(b) 5 × 10−17 Pa 

(c) 6 × 10−17 Pa 

(d) 7 × 10−17 Pa 

(e) 8 × 10−17 Pa ?  

Straightforward use of the ideal gas equation of state. Answer (a).  

 

2. Two blocks of iron, one of mass 5 kg at 50 °C and the other of mass 10 kg at 0 °C are placed in 

thermal contacted, thermally insulated from their surroundings and kept together until they reach thermal 

equilibrium. Their final temperature is 

(a) 25  °C 

(b) 16  °C 

(c) 17  °C 

(d) −106  °C 

(e) 33  °C ?  

A conservation of energy problem involving heat capacities. The energy that leaves one must 

enter the other; as the larger block has double the heat capacity is must see half the temperature 

change. Answer (c).  

 

3. It is sometimes said the every time we take a breath we breath in, on average, one molecule of air that 

was part of Julius Caesar's last breath. Given an adult human takes in approximately half a litre of air per 

breath, assuming uniform distribution of the particles since Caesar's last exhale in 44 BC throughout the 

atmosphere, which you can assume is uniform and approximately 12 km  thick, would you say this 

statement was:  

(a) A whopping overestimate  

(b) A bit of an overestimate 

(c) More or less correct 

(d) A bit of an underestimate 

(e) A whopping underestimate ?  

A physics classic and one the many things that are mentioned in classrooms to highlight just 

how small atoms are and how numerous they are. As one mole of any gas occupies about 𝟐𝟒 𝐥 at 



room temperature and pressure Caesar's last breath would have contained roughly 𝟎. 𝟎𝟐 𝐦𝐨𝐥 

which translates to about 𝟏. 𝟐 × 𝟏𝟎𝟐𝟐 atoms. Dividing this up through our 𝟏𝟐 𝐤𝐦 atmosphere 

gives an estimate of about 𝟐, 𝟎𝟎𝟎 𝐚𝐭𝐨𝐦𝐬. 𝐦−𝟑 of Caesar's last breath1 around us, which equates 

to roughly one atom per half litre. Answer (c) - something which I still find surprising though 

there are other interesting questions that arise if the assumptions are inspected.  

 

4. A person has a skin temperature of about 35  °C and an emissivity of about 1. If they are well 

covered except for the top of their head, which has surface area of 5 × 10−2 m2 what is the approximate 

heat flow due to radiation per hour in a room at 20  °C 

(a) 16.6 kJ 

(b) 166 kJ 

(c) 17 MJ 

(d) 276 J 

(e) 1.7 mJ ?  

Straightforward use of the radiation equation. Answer (a).   

                                                           
1 Or indeed any person who dies long enough ago for the air to have fully dispersed around the globe.  



Tutorial discussion problem 1  

1. Use equation 1 to estimate the change in diameter and volume of a copper sphere of initial 

diameter 2.0 cm when heated from room temperature to 300 °C. Take 𝛼 = 17 × 10−6 K−1 and assume 

it to be constant over this temperature range. 

With the values given a diameter change of 𝟗𝟓 𝛍𝐦 and a volume change of 𝟔. 𝟎 × 𝟏𝟎−𝟖 𝐦𝟑 is 

obtained. 

 

2. Consider heating a material in 𝑁  stages of equal temperature increase of 
∆𝑇

𝑁
 per step. Apply  

equation 1 to the consecutive stages to get a different formula for 𝐿𝑓 . Explain why the discrepancy 

between the two expressions has arisen and show that the two agree to first order only.  

For step 1 the new length is 𝑳𝟏 = 𝑳𝒊 (𝟏 + 𝜶
∆𝑻

𝑵
) 

For step 𝟐 𝑳𝟐 = 𝑳𝟏 (𝟏 + 𝜶
∆𝑻

𝑵
) = 𝑳𝒊 (𝟏 + 𝜶

∆𝑻

𝑵
)

𝟐
 

And by iteration after step 𝑵 𝑳𝒇 = 𝑳𝒊 (𝟏 + 𝜶
∆𝑻

𝑵
)

𝑵
  

This is obviously different to the equation provided. The reason being that it doesn’t account 

for the length constantly changing throughout the expansion so only uses the initial length.  

Taking the first two terms of the binomial expansion gives 𝑳𝒇 ≈ 𝑳𝒊 (𝟏 + 𝜶
∆𝑻

𝑵
𝑵) which is the 

same.  

 

3. Now consider equation 1 rewritten in terms of the change in length, ∆𝐿, such that ∆𝐿 = 𝛼𝐿∆𝑇.      

(i) Express this in Leibniz notation for infinitesimal changes and integrate to get a more accurate 

expression for the length change. (ii) Show again that this agrees with equation 1 to first order. (iii) 

Estimate for what temperature change the linear expansion becomes divergent for the copper sphere and 

suggest whether this is ever possible. (iv) Estimate the percentage difference between the naïve estimate 

given for the linear expansion of copper in part (a) and the more refined formula. 

(i) 
𝒅𝑳

𝒅𝑻
= 𝜶𝑳 which gives 𝑳𝒇 = 𝑳𝒊𝒆𝜶∆𝑻 

(ii) First two terms give 𝑳𝒇 ≈ 𝑳𝒊(𝟏 + 𝜶∆𝑻) as before 

(iii) This point comes when 𝟏 = 𝜶∆𝑻 corresponding to ∆𝑻 ≈ 𝟓𝟗, 𝟎𝟎𝟎 °𝐂 for the copper so it 

would melt long before it got to that stage.  



(iv) Using the refined formula gives a value that differs by about 𝟐𝟑𝟎 𝐧𝐦 corresponding to a 

𝟎. 𝟐% difference.  

 

4. Use the naïve version of the linear expansion formula given by equation 1 to find an expression 

for ∆𝑇0 to show that an implied condition 𝐴𝐷 > 𝛼𝑑 is required in order for the ball to ever pass.  

The new diameter of the sphere will be 𝒅(𝟏 + 𝜶∆𝑻) and the new inner diameter of the ring will 

be 𝑫(𝟏 + 𝑨∆𝑻) so the requirement is 𝑫(𝟏 + 𝑨∆𝑻) = 𝒅(𝟏 + 𝜶∆𝑻). This leads to a requirement 

that ∆𝑻 =
𝒅−𝑫

𝑨𝑫−𝜶𝒅
. As the temperature increases and the numerator is positive this necessitates 

that 𝑨𝑫 − 𝜶𝒅 is also positive viz. 𝑨𝑫 > 𝜶𝒅.  

 

5. Now use the proper expansion formula derived in question 3 to show that a more accurate 

expression for the passing temperature is given by  

∆𝑇 =
1

𝐴 − 𝛼
ln

𝑑

𝐷
 

How does this correspond with the answer derived in 4?  

Using the expression derived in (c) the ball will have a new diameter of 𝒅𝒆𝜶∆𝑻 and the inner 

ring diameter of 𝑫𝒆𝑨∆𝑻. Equating these for the threshold temperature and rearranging gives the 

required result. 

It isn’t obvious that the two results are equivalent for small temperature differences but it can 

be shown with a little thought – for the temperature difference to be relatively small the 

difference between 𝒅 and 𝑫 should also be small. One way to specify this mathematically is to 

say that 
𝒅

𝑫
− 𝟏 ≪ 𝟏 , then recognise that 𝐥𝐧

𝒅

𝑫
≈

𝒅

𝑫
− 𝟏  when this condition holds (using the 

Maclaurin series for 𝐥𝐧(𝟏 + 𝒙) = 𝒙 −
𝟏

𝟐
𝒙𝟐 +

𝟏

𝟑
𝒙𝟑 + ⋯ with 𝒙 =

𝒅

𝑫
− 𝟏). The two expressions can 

then be seen to be approximately equivalent.  
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